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N Kaluza-Klein Cosmological Model for Barotropic Fluid Distribution
with Varying E(t) in Creation Field theory of Gravitation

V. B. Raut
Dept. of Mathematics,
MungsajiMaharajMahavidyalaya,
Darwha, Dist. Yavatmal

ABSTRACT
We have studiedthe Hoyle-NarlikarC-field cosmology for Kaluza-Klein space-
times with varying cosmological constant A(t) , when the universe is filled with
barotropic fluid distribution. To get deterministic solution, we assumed
that A = Y as considered by as in Chen &Wu (Phys. Rev. D, 41:695, 1990), where
a is a scale factor. The various special cases of the model (30) viz. Dust filled
universe (p=0), Stiff fluid universe(p=p)and Radiation dominated
era(p = 3p)are also discussed. The physical aspects for these models are also
studied.
Keywords : C-Field cosmology, Barotropic fluid, Varying cosmological constant A(t) .
Introduction :

The model of the universe used for the investigations dealing with physical process
called as a big-bang model. The big-bang model has various problems To overcome the
problems in the big-bang model, alternative theories were proposed from time to time. The
most popular theory was put forward by Bondi&Gold [1] called steady state theory. The
theory fails for not giving any physical justification for continuous creation of matter and the
principle of conservation of matter was iolated in this formalism. To overcome this difficulty,
Hoyle &Narlikar [2] adopt a field theoretical approach by introducing a massless and chargeless
scalar-field C inthe Einstein-Hilbert action to account for matter creation. The theory proposed
by Hoyle and Narlikar called asC-field theory which has no big-bang type singularity as in
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Bondi& Gold steady state theory. It is pointed out by Narlikar [3] that matter creation is
accomplished at the expense of negative energy C-field. Narlikar&Padmanabhan [4] have
obtained solution of Einstein field equations admitting radiation with negative energy massless
scalar field C. Chatterjee& Banerjee [5] have extended the study of Hoyle-Narlikar theory
[6, 7, 8] in higher dimensional space times. Like this many other researches Singh &Chaubey
[9], Adhavet al.[10] , Bali &Kumawat [11],Katore [12], Tyagi& Parikh [13], Malekolkalami
[14] have investigatedC-field cosmological model .

Recently, large numbers of cosmological models have been studied by the inclusion of
cosmological constant A and studied the role of A at veryearlyand later stages of the evolution
of the universe. Bergmann [15] has interpreted the cosmological constant A in terms of Higgs
scalar field. In quantum field theory, the cosmological constant is considered as the vacuum
energy density. Dolgov [16, 17] shows that cosmological constant remains constant in the
absence of any interaction with matter and radiation.Bertolami [ 18] considered cosmological
models with a variable cosmological constant of the form A ~ 2. Chen &Wu [19] have also
solved the problem by considering A ~ R2, where R isthe scale factor in the Robertson-
Walker space time. Krause &Turner [20] have suggested that universe possess a non-zero
cosmological constant. Recently, the value of cosmological constant A =1.934 x103s2was
predicted by the cosmological relativistic theory of Carmeli&Kuzmenko [21]. This value of
cosmological constant matches with measurements obtained by High-Z Supernovae Team
and Supernovae Cosmological Project [22-25]. Number of cosmological models in which
A decays with time have been investigated by number of authors viz. Singh & Singh [26],
Lui&Wesson [27], Pradhan&Pande [28], Adhavet al.[29], Singh & Kumar [30], Ram &Verma
[31]. Bali &Saraf [34] have investigatedC-field cosmological model for Barotropic fluid
distribution with varying A in FRW space-time.Ghate& Salve [35, 36] have studied some
cosmological model with varying A (t) in creation field theory of gravitation.

In this paper, we have investigated Kaluza-Klein space-times for barotropic fluid
distribution with varying cosmological constant A (t) inthe creation field theory of gravitation.
The solution of the field equations are obtained by assuming a relation A = a7 (Chen &Wu
[19]), where a isa scale factor. This work is organized as follows. In Section 2, the model
and field equations have been presented. The solution of field equations has been discussed in
Section 3. Then in Section 4, the physical aspects of the model have been discussed. In the
last Section 5 concluding remarks have been expressed.

Metric and Field Equations:
We  consider the Kaluza-Klein  metric in the form
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ds? = dt? — A2(dx® +dy? +dz?)- B2dy 2, (1)
where A, B are scale factors which are functions of time t only and H =A’B
The Einstein’s field equations by introduction of C-field is modified by Hoyle and Narlikar[6,

7, 8] with varying A Isgivenpy _
} At)g;

R/~ R/ =876 T,)+T/
(m) (C)

(2)

The energy momentum tensor T- i for perfect fluid and creation field T 4oare given by
T'=(p+ p)vv’ - pg; . (3)
(m) _
and TiJ:_f(CiC]_EgiJCaCaj,

©
(4)

Here pis the energy density of massive particles and p is the pressure. v, are co-moving four
velocities which obeys the relationv,v’ =1,v, =0,a =1, 2, 3.The coupling constant between
matter and creation field is greater than zero. It is assumed that creation field C is a function of
timeonlyi.e.C(x,t) =C(t).

The Hoyle-Narlikar field equations (2) for the metric (1) with the help of equations (3) and (4)
given by

3——3——8w5(p——f«:] A (5)
284248 2% = gn6(—p+2iFc?)+ A (6)
3——3——875[—p——f€'] A

(7)

where overhead dot (') denotes differentiation with respect to time t.

The conservation equation

B2GT +Ag}), =0, ®)

leads tn . _ _

8n6 o —1fe?|+ans[p—fec+ (32+5) (o4 p) - (32+2) fe7] - 4 =0
©)

118inn(G = constant
r

! & b f ok B ffi”]—ﬂ=0 (10)
p+(32+7) o =m=refe+(35+1

., a 2 , & o
Now using< =1and barotropicequation p=yp, equation (7) reduce to
—8myp=3-+35—4nGf — A (11)
Equation (5) Ieads to
BHGJ@—E——S———ITGJF FiA (12)

Solving equations (11) and (12) gives
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3-+(3+3n)5+3r = (1-—p4n6f+(1+pA (13)
Now to obtained the exact solution one extra condition needed we assume a relation
between metric condition given by

a=>5b"

(14)

Where n isarbitrary constant and a,b are metric potential. Without loss of generality we assume
n=1 with this eq. (13) glves

3——(3—3]——3«——(1— V) AnGf + (1 + y) A (15)

To get deterministic solution interms of cosmic time t, we assume that A = 27 where a is
scale factor. {Chen & Wu (Phys. Rev. D 41:695,1990)} in equation (15) which leads to

Eﬁ'—li?—4"]£=5(1—*')4m’?_fa—;—ail +7) (16)
Substltute = Fra,.,a = FF withF = == inequation (16) which gives
':L_; ——[1—114:«3&——( 1) (17)
on solvmq equation (16) reduces to
Jeae®+p =k (18)
wwihirh r'\:n eimnliﬁnqtion g|ves
a= _|=sinh\at (19)
A= :— = Ecosech:\,'ﬁ 1(20)
where
4mGf (1-y)
= Gy (21)
S
T 3(142y] (22)
From equation (14), (19), (20) equation (12) gives
;2 — lud BmGf
8mGp = cosech™+ at (6 £ _E] P i

(23)
3.Solution of the Field Equations:
Merticequation (1) after using Equation (14), (19) becomes

ds® = dt® — Ifg sinh? y?f] [dx? +dyv® + dz* + de?] (24)
Using barnfrnnir\ ~randitinn N — v A and ami |:_\f50n (14) ,equation (10) |eads to
2éEppitt =T p Bed o ]
o) A i f a BncfF
AilhatibiitinAa A At iAnA 10N IDONNAKA /DN vniA Ant

dC?

1 - AT - i B
+ 8\ acothyatC* = 8\ acothy/ at ( - J [(6& ——J [_—2»., acathy atcosech m‘}]

8nGf B

'h-u--\.-

G f
To get determlnlstlc value of, we assume ¢ =1 . Equation (25) leads to
€ 4 (8cotht)C? = 8 cotht (26)

di

f:'af.m, atcosech® Yy ‘ot (25)
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From equation (25), we get

C*(sinht)® = 8 [ cotht(sinht)®dt (27
On simplification equation (27) reduces to
2 _ g
(28)
whichagain leads to
C=t. (29)

We findC = 1, which agrees with the value used in source equation. Thus creation field C is
proportional to time t and the metric (1) for constraints mentioned above, leads to

ds® = dt* — (Bsinh®t)[dx? + dyv® +dz* + de?] (30)

Il Special Cases:

From equations (21).(22) we have

anGF (1-y) 1+y
l:_[: — .r- u LI E_tld B = L

Blldy) twewe 3(1+3y)

Case I: Dust Filled Universe(y = 07 : then
=" nda =1
6 w3

Equation (18) leads to

d . 1 AnGF
= = = dtforu® = —
:"':'::_E =%
whichagain reduces to
1 1 1 ]
a = —sinh[u(t + t;)] (31)
h=s=—p—-0(D
z* sinh*® '_:;'._:'—:',:.,']
g = —= = —tanh® [u(t + t,)] (33)
-

Case II: Stiff Fluid Universe(y = 1) : then
a=0mdf =2

Equation (18) leads to

da =2 gz
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whichgives

a=2 (t+t,) (34)

S % (35)
2 letegl)

gq=0 (36)

CaseIIl: Radiation Dominated Unh'erse(;v = %J . then we get

o = —and =

Equation (18} leads to

d
—E:dr
" E]

a =22 sink £ (t+1,)] G7)
§oam, AL (38)
& sinh” _—7'::'—:',:._"]
g = —tank® [i_ (t + r,}]] (39)

4. Physical Aspects of the Model:

The homogeneous mass densitv (2. the cosmological constant (A ),

the scale factor (@ } and deceleration parameter (g } forthe model (30) given by

8mGp = {6 —%} cosech®t +4mGf + 6 (40)

a = ,/Bsinht (41)
M= %cosech: t (42)
g = —tanh?® t 43)

The reality condition & > 0 leads to
(68 — 1) + B(4nGf + 6)sinh*t = 0

- 1 . . . - . . .
Wefinda ~ — - ' increases with time, the scale factor (@) increases with time

representing inflationary phase. Sinceg < 0 . hence the model (30) represents
accelerating universe which matches with the result as obtained by Riesser
al,[23] and Perlmutteret ol [23].
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Conclusion :

1.

For dust universe, the scale factor increases with time representing inflationary universe.
The cosmological constant decreases as time increases. The deceleration parameter,
which indicates that the universe is accelerating. Hence the model (30) represents
accelerating universe which matches with the result as obtained by Riesset al. [23]
and Perlmutteret al.[25].

2. For stiff fluid the scale factor increases with time and decreases as time increases. The
deceleration parameter indicating the universe is in uniform motion.

3. For radiation dominated universe the model behaves exactly same as for dust and stiff
fluid case. The deceleration parameter which indicates that universe is accelerating.
Hence the model (30) represents accelerating universe which matches with the results
as obtained by Riesset al.[23] and PerImutteret al.[25].
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Johannes Kepler : An Astronomer Who Changed Vision of
the Universe

V. B. Raut
Dept. of Mathematics,
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ABSTRACT

This article is devoted to the life and works of Johannes Kepler (1571-
1630) a German Astronomer, Mathematician and Philosopher. He is
considered as founder of physical astronomy. He is famous for the three Laws
of planetary motion. The first law is that the planets move in ellipses with the
Sun in one focus. Before this law it was assumed the planets move in circles.
Despite his physical weakness, harassment of not getting arrears of salary,
living in poverty and other domestic troubles, this genius astronomer worked
hard and discovered great astronomical facts.
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Childhood and Education:

Johannes Kepler was born on 27th December 1571 in longitude 290 77, latitude
480 54’ in the city of Weil der Stet , Wirttemberg , Holy Roman Empire , Germany. His
parents were in good condition but by some reason, the father lost all his slender income.
His father left home when Johannes was five years old and never returned. His mother
was the daughter of an innkeeper. Johannes was employed in inn as a pot-boy between
the ages of nine and twelve. He was sickly lad and suffered violent illness which affected
his life .Childhood small-pox made his vision weak.

At his childhood he developed love for astronomy. At the age of six he observed
the Great Comet of 1577. At the age of nine he observed Lunar Eclipse in 1580. After
completing school education he went to the University of Tubingen, where he graduated
second onthe list.

His connection with astronomy was through Copernican theory heard in University
lectures. Johannes had been offered an astronomical lectureship at Graz. Astronomy in
those days was supposed to be a minor science and had little of the special dignity.
Early Work:

Kepler struggled hard in different ways to find law governing orbits of planets
and their distances from the sun. One of his ideas was based on inscribing a large number
of equilateral triangles in a circle. They envelop another circle bearing a definite ratio to
the first. This does for the orbit of two planets (see figure:1). Then he tried inscribing and
circumscribing squares, hexagons and examined if the circles thus defined would

correspond to the several planetary orbits. But they would not give any satisfactory
result.
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Figure 2: Framework with inscribed and circumscribed
Figure 1 : Number of equilateral triangles inscribed in a spheres and other regular solids
circle

Kepler thought plane figures will not do with the celestial orbits. He suddenly got
a brilliant idea of inscribing the regular solids (see figure: 2). He represented the earth’s
orbit by a sphere as the norm and measured of all six planets known at that time. Around
earth he circumscribed a dodecahedron and puts another sphere round that which is
approximately the orbit of Mars, round that a tetrahedron which marked the sphere of
the orbit of Jupiter, round that sphere he placed a cube which roughly gives the orbit of
Saturn. Onthe other hand he inscribed in the sphere of the earth’s orbit an icosahedrons
and inside the sphere determined by that an octahedron which figures he takes to enclose
the sphere of Venus and Mercury respectively.

This discovery was purely fictitious and accidental. First of all, eight planets are
known and secondly their real distances agree only very approximately with hypothesis.
But this idea gave him great delight.

Kepler then worked onto predict the cause of the planet’s motion. He thought of
some propelling force originated from the Sun, like the spokes of a windmill.

Work with Tycho Brah:

When Kepler’s first book was published he get introduced Tycho and Galileo.
Tycho Bray (1546 — 1601) was well-known Danish astronomer. He was at Prague and
he had best planetary observations at that time.



ery,

o

\

W

s

Tycho Brahe (1546 — 1601:

Tycho invited Kepler and offered him the post of mathematical assistant. Kepler
accepted it. Kepler says “for observations his sight was dull , for mechanical operations
his hand was weak”. But in mathematical skills he was superior to Tycho. Because of
physical and financial weaknesses, Kepler sought help from Tycho and Tycho helped
him with kindness.

The Emperor Rudolph did a good work in maintaining these two eminent
astronomers Tycho Brahe and Kepler.
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Tycho Brahe (1546 - 1601)

Tycho prepared tables of passages of planets know as Rudolphine tables. It was
main work of his life but he died in 1601 before completing them. On his death-bed he
intrusted the completion of themto Kepler, who undertook their charge. But the Imperial
funds stopped by wars and other difficulties. Kepler could get even his own salary. The
work slowed too much.

Kepler then proceeded to study optics. He gave a Very accurate explanation of
working of human eye. He made many hypothesis, some ofthem are close to the law of
refraction of light in dense media.

Main Work of Kepler’s Life:
All the time in his stay at Prague (1600 — 16120) Kepler made a severe study of
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the motion ofthe planet Mars. Inorder to find true theory of motion of Mars, he carefully

analysed Tycho’s books of observations. At that time Aristotle had taught that circular
motion was the only perfect and natural motion for heavenly bodies. Afterwords
Hipparchus and others found that planets did not revolve in simple circle but in combinations
of circles. The small circle carried by a bigger one was called an Epicycle. But this failed
to represent speeds of the planets.

Kepler had the accurate planetary observations of Tycho for reference but he
found immense difficulty in obtaining the true position of the planets for long together on
any such theory considered above. He specially studied motion of the planet Mars because
that was sufficiently rapid in its changes for a considerable collection of data. He tried all
manner of circular orbits for the Earth and for the Mars, placing them in all sort of aspects
with respect to the Sun. The aim was to find such an orbitand such a law of speed, for
both the Mars and Earth that a line joining them produced out to the Sun should always
mark correctly the apparent position of Mars as seen from the Earth.

Kepler introduced the idea of an Equant i.e. an arbitrary point about which the
speed might be uniform. Kepler tried all sorts of combinations, the relative position of the
earth and Mars were worked out. He compared it with Tycho’s recorded observations.
But this agreed for a short time and lateron a discrepancy showed itself.

Kepler did this enormous labour and attempts groping in the dark. At length he
got a point that seemed nearly right . But before long the posiyion of the planet as calculated
and recorded by Tycho, differed by eight minutes of arc, or one-eight of adegree. There
was a possible way of thinking that Tycho’s observations might be wrong by this small
amount. But Kepler had known Tycho and he thought Tycho was never wrong eight
minutes inan observation.

Kepler set out the whole way again and said that with those eight minutes he
would yet find out the law of the universe. He gave up the idea of uniform motion and
tried varying circular motion, inversely as its distance from the Sun. To simplify calculation,
he divided the orbit the orbit into triangles and tried if making the triangles equal would do
(see Figure:3).

Surprisingly this worked beautifully! The rate of description of areas is uniform.
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Kepler greatly rejoices. He thought he won the war. But long fresh little errors appeared
and grew in importance. Still a part of truth had been gained.

He fixed the law of speed, which is now known as Kepler’s second law of
planetary motion: ‘the radius vector describes equal areas in equal times’.

Figure 3 : Eccentric circle divided into equal areas. Around the sun S a planet
moves from Ato B, From B to C, and so on in equal times.

But what about the shape of the orbits? Now he tried an oval. He tried several
varieties of ovals. They were better than a circle but still were not right. The geometrical
and mathematical difficulties of calculations were becoming tedious, overwhelming.
Kepler’s six years continuous labour were leading deeper and deeper into complications.

An accidental ray of light broke upon him in a way. Half the extreme breadth
intercepted between yhe circle and oval broke upon him in a way. Half the extreme
breadth intercepted between the circle and the oval was 429/100000 of the radius, and
he remembered that the “optical inequality” of Mars was also about 429/100000. This
coincidence in his own words, woke him out of sleep and impelled him instantly to try
making the planet ‘oscillate in the diameter of its epicycle instead of revolve around it *.
A long course of day and night of calculations arrived himto hit the motion . Finally he
obtained the curve described by the planet. It is a special kind oval-the ellipse.
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Figure 4 : — Mode of drawing an ellipse. The two pins F are fixed and are the
foci.
This gave birth of his first law of planetary motion:

“Planets move in ellipses with the Sun at one focus”
Kepler’s both the laws agreed with Tycho’s planetary observations.
Financial and Domestic Troubles:

After conquering Mars Kepler wanted to study Jupiter, Mercury and rest of the
planets. But the death of the patron Emperor in 1612 put an end to all these schemes. At
Prague his salary was not regularly paid and remained always in arrears. He lived in
poverty and his family suffered a lot. One of his sons died of small-pox, and he lost his
wife after eleven days. He could not get any money at Prague. He decided to leave
Prague and move to Linz. He accepted a professorship at Linz. Meanwhile his old mother
was charged with witchcraft. She was sent to prison. Kepler had to hurry from Linz to
interpose. He succeeded in saving her from the torture but she remained in prison for a
year.

Third Law:
In spite of domestic troubles, harassing and unsuccessful attempts to get his rights,
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he still studied his old problem of finding some possible connection between the distances
of the planets from the Sun and their times of revolution i.e. the length of their years.

He found that the cube of the distances of a planet from the Sun s proportional
to the square of the time taken by the planet to revolve round the Sun.

Kepler stated his third law as:

“the ratio of r3 to T2 for every planet isthe same”. His rapture on detecting
the law was unbounded and he breaks out : *“ The die is cast, the book is written, to be
read either now or by posterity, | care not which; it may well wait a century for a
reader , as God has waited six thousand years for an observer *“.

Kepler’s Books

1. Astronomia Nova : He published it in 1609. His first two laws appeared in this
book.

2. Hormonics Mundi : He published it in 1619.He described his “third law * in this
book.

3. Epitome Astronomiae : Published in 1621. It was a summary of Copernican

theory, a clear and popular exposition of it . But it was banned by the Church
and it gave Kepler no satisfaction.

4. Astronomia Pars Optica : His optical studies appeared in this book. He was
founder of modern optics.He explained the process of vision by refraction within
the eye.

5. Dioptrice : Inthis book he described real , virtual, upright and inverted images
and magnification. He explained the working of a telescope .

6. Stereometrica Doliorum : This book formed the basis of Integral Calculus.

Last Years:

In his last years kepler still worked on Rudolphine tables of Tycho and with small
help from Vienna, completed them. But he could not get financial support to print them.
He applied to the Court though he was sick for applying. They delayed four years with
no relief. Finally any how with a great trouble he had to pay himself for printing it. The
book contains first really accurate tables which navigators ever possessed. This great
publication marks an era in Astronomy.
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Almost all time in his life Kepler and his family had to live in bitter poverty. Once
more he made determined attempt to get his arrears of salary paid to rescue himself from
poverty. For this purpose he travelled to Prague . He pleaded his own case in the imperial
meeting. But it was all fruitless.

Exhausted by the journey, weakened by over-study, and disheartened by the
failure to get arrears of salary, he caught a fever. He died on 15th November, 1630 at the
age of 59, at Regensburg and was buried there. His burial site was lost after the Swedish
army destroyed the Churchyard and not even a single stone aroused of his memory.

Brewster says of him :- “Ardent, restless, burning to distinguish himself by
discovery, he attempted everything ; and once having obtained a glimpse of a clue,, no
labour was too hard in following or verifying it. A few of his attempts succeeded - a
multitude failed. Those which failed seemto us now fanciful, those which succeeded
appear to us sublime. But his methods were the same”.

Alife of such a labour, crowned by three brilliant discoveries, the world owes to
the harshly treated German genius , Johannes Kepler.
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RTICLE INFO ABSTRACT

adiazoles (IVa-f) have been

Article History: 2'N't-bl.ltylimino-3-y-picolinoyl-S-z:rylimino- 1,3,4-thi
Received 6™ May, 2020 synthesized following the interaction of I-y—picolinoyl-4-aryl-3-lhiosemicarbazides (Il1a-f)
Received in revised form 15" and t-butyl imino isocyanodichloride. The former (I1la-f) in turn have been prepared by the
2020 condensation of aryl isothiocyanates (la-f) and isoniazide. The intermediate products (IVa-
h July, 2020 f) have been first isomerized into 2-y-picol'moyl-4-N-t-butyl-5-arylimino—l ,2,4-triazolidine-
3-thiones (Va-f). The product (Va-f) have been successfully de-t-butylated into respective
2- Y-picolinoyl-s-arylinﬁno-1,2,4-triazolidine-3-thiones (VIa-f). The structures of these
compounds were established on the basis of elemental analysis and IR, PMR, Mass spectral

data.

hiosemicarbazides, cyclo-condesation reaction,
13 A-lhiadiazolidine, de-tert-butylation.
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INTRODUCTION (Vogel A. 1. 1958) and tert-butyl isothiocyanate (Striewsky W.
L. . 1960). The tert-butylimino isocyanodichloride was prepared

From a last decade a lot of work is going on, on the triazole  following earlier Teported method (Dyson G. M. and
a lot of new compounds related to this  Harington. 1940). The 1-y-picolinoyl-4-aryl-3-

ring, scientists develop
mo'ie!)f and screened them for _their different pham:acolog'{cal thiosemicarbazides (I1a-f) were prepared by the reaction of
activities to get a molecule which have good phannacologlcal Isoniazide and aryl isothiocyanate (Ia-f) in chioroform medium

activity and lesser side effect. Synthesis of various substituted a5 below

l,3.4—(hiadiazole and 1,2,4-triazole are reported in the . o

literature. 1,2,4-Triazoles show various biological activities Preparation of I'T'P“-'o’"'0)"'4'1’"00’"3'
thiosemicarbazides (1)

(Singh R. J. and Singh D. K. 2009; Upmanyu N. 2006 ) and
have been synthesized from different compounds (Bhaskar  [soniazide and p-tolyl isothiocyanate (la) was reacted in

(.5.2002; Buscemi S.1996; Yoo B. R. 1998 ). _MOS_f O_f them  chloroform medium for 1.5 h. On removal of chloroform by
possess good pharmacological activity. Isoniazide is itself @ vacuum distillation a colourless solid (Ila) was separated. It
potent drug; therefore we incorporated some part of it 388  was washed with petroleum ether (60-80") and crystallized
substituent in the synthesis of some new derivative of triazole.  from ethanol, m.p 164°C having molecular formula
The current work describes the synthesis of 2-y-picolinoyl-4-  Cy,;H;;N,OS.
N-t-bulyl-S-ary]imino-l,2,4—triazolidine-3-thiones (Va-f) and
ive ],2,4-m'azolidine-3-thi0ncs (Illa): IR spectra: (KBr) cm-1: 3271,3232 (N-H), 1668 (C=0),
1310 (C-N), 1254 (C=S); TH-NMR (DMSOd6) ppm: 2.2 (3H,

SRNICSN

il their de-t-butylation into respect

12 VIa-f).

z (VIa-f) s, Ar-CH3), 3.66 (1H, s, N-H), 8.6-8.62 (1H.d, NH-NH), 8.65-

%’r Experimental 8.67 (1H,d, NH-NH), 7.04-7.07 (2H, d, Ar-H), 7.2-1.3(2H, d,

5 All melting points were measured using electro-thcnpal Ar-H), 7.6-1.7 (2H, d, Pyridyl-H), 7.8-7.81 (2H, d, Pyridyl-H).
measured using  On the basis of above chemical properties and IR and NMR

apparatus are uncorrected. IR spectra were

KBr disc plate technique on 8 Bruker FT-IR  gpectral data (Singh.  T., Bhattacharya A. and Verma V.K.
spectrophotometer. 'HNMR spectra (DMSO-dg and CDCly)  1992; Dyer J. R.1974; Colthup N. B., Daly L. H. and Wiberly
were carried out on a Bruker Advance 400 MHz specfrometcr S. E.1964), the compound (1la) has been assigned the
using TMS as intenal reference (chemical Shiﬂls ir_l o, PEm)- structure, l—y-picolinoyl—4-p-Tolyl-3-thiosemicarbazide (11a).
The reagent required for the synthesis of 1,3,4-lhladlazol1dmes The reaction of isoniazide was capable of extension to
W different aryl isothiocyanates (Ib-f), and the related products

have been isolated in good yield. (Table -1)
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Cyclo-Condensation of Substituted Thiosemicarbazides: Synthesis of 2,5- Disubstituted 1,2,4-Triazolidin- 3. Thione

Interaction of 1-y-picolinoyl-4-aryl-3-thiosemicarbazides
(I) and N-t-butyl imino isocyanodichloride:

Synthesis of 2-N-t-butylimino-3-y-picolinayl-S-arylimino-
1,3,4-thiadiazoles (IV):

Experiment No. 1

Preparation of 2-N-t-butylimino-3-y-picolinoyl-5-p-
tolylimino-1,3,4-thiadiazoles (IVa).

1-y-picolinoyl-4-p-tolyl-3-thiosemicarbazide (IIa) (0.01 mole)
Was suspended in chloroform (15.0 ml). To this a solution of
N-t-butyl imino isocyanodichloride (0.01 mole) in chloroform
was added. The reaction mixture was refluxed over water bath
for 3.0 hr. The evolution of hydrogen chloride gas was
observed. After completion of reaction, the reaction mixture
was cooled and chloroform was distilled off, when a sticky
mass was obtained. It was repeatedly washed with petroleum
ether (60-80°C) followed by addition of ethanol; a solid acidic
to litmus was isolated. It was crystallised from ethanol, and
identified as monohydrochloride of 2-N-t-butylimino-3-y-
picolinoyl-5-p-tolylimino-1,3,4-thiadiazole (ITTa), yield 85%,
m.p. 178°C, On basification with dilute ammonium hydroxide
solution afforded a free base (IVa). It was crystallised from
ethanol, m.p. 218°C having molecular formula C19H2INSOS.
The compound gave positive test for N and S elements and

found to be non-desulphurizable when boiled wit alkaline
plumbite solution.

(Ia): IR spectra: (KBr) cm-1: 3313 (N-H), 1618 (C=0),
1573 (C=N), 1298 (C-N), 697 (C=S); 1H-NMR (DMSO0d®)
ppm: 1.2 (9H, s, t-Bu-H), 2.2 (3H, s, Ar-CH3), 7.0 (2H, d, Ar-
H), 7.5 (2H, d, Ar-H), 7.7 (2H, d, Pyridyl-H), 7.9 (2H, d,
Pyridyl-H), 8.7 (1H, s, N-H).

On the basis of above chemical properties and spectral data,
the compound (IVa) has been assigned the structure, 2-N-t-
butylimino-3-y-picolinoyl-5-p-tolylimino-1,3,4-thiadiazoles
(IVa). The other compounds (IVb-f) were prepared by
extending the above reaction to other, 1-y-picolinoyl-4-aryl-3-
thiosemicarbazides (IIb-f) and the related products were
isolated in good yield. (Table-2.2)

Preparation of 2-y-picolinoyl-4-N-t-butyl-5-p-tolyl imino-
1,2,4-triazolidin-3-thione (Va) (Isomerization)

The 2-N-t-butylimino-3-y-picolinoyl-5-p-tolylimino-1,3 4-

On the basis of above chemical propertieg ang
the compound (Va) has been assigned the 3
picolinoyl-4-N-t-butyl-5-p-tolyl imi"0-1,2,4-tﬁ
thione (Va). The other compounds (Vb-f) Were 2lig,
extending the above reaction to other, 2.N_t_bm£lr_’l{
picolinoyl-5-p-tolylimino-1,3,4-thiadiazoles (ryy,. Ming
related products were isolated in good yield. (Table.z)w

specg,‘l J:

De-t-butylation of 2-y-picolinoyl -4-N-¢.

S e s 2 buty
imino-1,2,4-triazolidin-3-thiones (V).

Preparation of 2-
triazolidin-3-thione (VIa).

The 2-y-picolinoyl-4-N-t-butyl-5-p-tolyl iming,
triazolidin-3-thione (Va) (2 gm) was hydrolyzed by b
with 30% sulphuric acid (10 ml) under reflux fo |
underwent de-tert-butylation (Lacey R. N.1960). The
gradually went into solution and a clear solution was g},
After completion of reaction, the product (VIa) poureq B
crushed water, It was crystallized, m.p 142°C ¥
molecular formula C;sH,;3N;sOS.

'H-NMR (DMSOd®) ppm: 2.4 (3H, s, Ar-CH3), 7.1-73
m, Ar-H), 7.7-7.8 (4H, m, Pyridyl-H), 8.4 (1H, s, N-i
(1H, s, N-H).

y-picolinoyl-s-p-tolylimino_

The absence of signal for t-Bu proton in PMR &
of compound (VIa) proved that compound (Vajl
successfully de-tert-butylated. On the basis of above ched
properties and spectral data, the compound (VIa) ha§
assigned the structure, 2-y-picolinoyl-5-p-tolyl imine-
triazolidine-3-thione (VIa). The other compounds (VIb-{§
prepared by extending the above reaction to othef
picolinoyl-4-N-t-butyl-5-aryl imino-1,2,4-triazoligg
thiones (Vb-f) and the related products were isolated i
yield. (Table-2).

Table 1 Formation of 1-y-picolinoyl-4-aryl-3-
thiosemicarbazides (II)

Reagents : Isoniazide and Aryl isothiocyanates (I)

Aryl 1-7-picolinoyl-4- Fousnd (Calculsted) &

. Aryl3. Yield \M.P
lsofklocranule thiosemicasbazides - oc C™ H% N%
kg an

1-7-picolinoyl-4-p-
tolyl-3-
thiosemicarbazide
)
1-y-picolinoyl-4-o-

Ppetolvl tolyl-3.

thiadiazoles (IVa) (0.01 mole) was refluxed with 5% ethanolic - R U VPR R -
NaOH (15 ml) for 1.5 hr. After completion of reaction, the LAl ati(1), Lrpelaosin (i:jgi)
reaction mixture was cooled and poured in ice crushed water. inotbleeyaatedicy mowmicatuie gy, z:i;:)
The greenish yellow solid was obtained. It was crystallized e i) g, (m:
from ethanol, yield 83%, m.p 226-228°C having molecular oo otemewbande ((2?,:_;5:
formula C,sHz NsOS. | i Loopten ET?!E?Z:L{’E; T U4
(IMa): IR spectra: (KBr) em-1: 3232 (N-H), 1619 (C=0), o
1546 (C=N), 1297 (C=S); orgpeny 3!
'H-NMR (DMSOd®) ppm: 1.2 (9H, s, t-Bu-H), 2.4 3H, s, Ar- :
CH3), 7.1-7.3 (4H, m, Ar-H), 7.7-7.8 (4H, m, Pyridyl-H), 8.4
(1H, s, N-H). MS (m/z) :[M'] peak at m/z 367 and 366
[M+-1]. 351, 275, 223 and 106 which confirmed its
molecular weight and possible fragmentation.
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: 1ation into 2-y-picolinoyl-5-arylimino-1,2,4-triazoljd; .
Iylatt (v"{) no-1,2,4-triazolidin-3-thione
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" butyl isocyanodichloride sarbazdes ()
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@M ESULTS AND DISCUSSION

B The -y-picolinoyl-4-p-tolyl-3-thiosemicarbazides (Ila) were
prepared by the reaction between Isoniazide and different p-
§g1y1 isothiocyanate (Ia) in chloroform medium. Further the
Petclo-condensation of 1-y-picolinoyl-4-p-tolyl-3-
B i0sc micarbazides (11a) with t-butyl imino isocyanodichloride
i chloroform lead to the light yellow coloured solid with the
Y olution of hydrogen chloride gas. The product was acid to
Iifmus. On determination of equivalent weight it was found to
bt mono hydrochloride (11la-f) yield 85%, m.p. 178°C.On
phsification with ammonium hydroxide, afforded a free base
{TV2)) crystallized from aqueous ethanol, m.p. 21 8°C. Onthe
Bhsis of spectral data IR and 1H NMR and above facts the
Gompound (IVa) has been assigned the structure as 2-N-t-
lylimino-3-7-picolinoyl—5 -p-tolylimino-1,3,4-thiadiazoles
a).

The other compounds (IVb-f) were prepared by
Extending the above reaction to other, 1-y-picolinoyl-4-
ary1-3-thiosemicarbazides  (11b-f) and the related
products were isolated in good yield. (Table-2).
Isomerisation of product (IVa) was carried out by
Tefluxing with 5% ethanolic NaOH for 1.5 hr.On the basis
4t clemental data and spectral analysis the structure of
omerised product (Va) was found to be 2-y-picolinoyl-4-N-t-
Butyl-5-p-tolyl imino-1,2,4-triazolidine-3-thione. The other
¢ompounds (Vb-f) were prepared by extending the
3bove reaction to other, 2—N-t—butylimino-3-y-picolinoyl-
-p—!olylimino-l,3,4-thiadiazoles (IVb-f) and the related
Broducts were isolated in good yield. (Table-2).

he 2-1-picolinoy1—4-N-t-butyl-S-p-tolyl N iminp-l,z,g-
iazolidin-3-thione (Va) was hydrolyzed by boiling with 30%
ulphuric acid under reflux for 3.0 h. underwent de-t-
butylation. The structure of 2 -y-picolinoyI-S-p-tolyl imino-
1,2,4-triazolidine-3-thione (V1a) was confirmed from it’s 'H
MR spectral data. The absence of signals due to C-H of t-
butyl group in |H NMR spectra of product (VIa) cor}ﬁrmed
hat compound (Va) was successfully de-_te_rtbutyla.ted into 2-
-picolinoyl-5-p-tolyl imino-l,2,4-lriazol1dme-?-lhlone (VIe:i).
he above reaction was extended 10 synthesize compounds
(VIb-f) (Table 2). The clemental analysis and spectral data IR,
1H-NMR and Mass of all the synthesized compounds was in
full agreement with the proposed structures: The formation

of compounds II, 111, IV, V and VI can be explained
by the following reaction schemel.

CcHO /I md):r/"'“

Q—< MG
H=NH ux
. (- " men

o
;‘:ﬂ: CIJH’“"
—_— o] o
\/ -~ ) MOl O)km(" "1/ R
Vs ;)§n" ann,on R C';(_m
Ve
l 5% Ethandlic
NaOH
N 2 — Whera R- (I, 1I, I, IV, V, V1)
\ / g(—/u\u\ 2% H 350, nm‘u" e pr b, Ao,
s R c=m-tolyl, d= phenyl,
NL:.. > SA:)%"R o= o-chloro phenyl.
va) Mah f=p-chioro phemyf
Reaction Scheme |
CONCLUSION

The present work attempt to synthesize some new derivatives
of triazole moiety by incorporating isoniazide in it’s structure
in view of having more promising pharmacological and
pathological activities and confirmation of structures were
successfully carried out with elaborate characterization by
spectral data. Obtained spectral data has prompted to further
evaluate the possible information from the spectra to
understand synthetic approach and the dynamic property of
molecules synthesized. These synthesized compounds are
expected to possess biological activities.
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We have examined tilted cosmological models by using conformally flat space-time with
wet dark fluid in Lyra geometry. In order to solve the field equations we have consid-
ered a power law. In this paper we have discussed tilted universe with time-dependent
displacement field vector, heat conduction vectors and also discussed big rip singularity.
Some physical and geometrical properties are also investigated. We have also extended
our work to investigate the consistency of the derived model with observational parame-
ter from the point of astrophysical phenomenon such as look-back time-redshift, proper
distance, luminosity distance, angular-diameter distance and distance modulus.

Keywords: Tilted models; conformally flat space-time; wet dark fluid; Lyra geometry.

1. Introduction

In a tilted cosmology the tilt can become extreme in a limited time as measured
along the fluid congruence, with the result that the group orbits become time-
like. This means that the models are no longer spatially homogeneous. A spatially
homogeneous universe is said to be non-comoving if the fluid velocity vector is
not orthogonal to the group orbits, otherwise the model is said to be co-moving.
Dynamical tilted universe is explored by King and Ellis;! Ellis and King;? Goliath
and Ellis.? Larena® has studied cosmological matter fluid in tilted universe and
discussed the effect of peculiar velocity. Herrera et al.”> constructed the Szekeres

9 Corresponding author.
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space-time tilted model. Dunn and Tupper® analyzed the physical properties of
tilted universe for perfect fluid.

Herrera et al.® derived tilted observer for thermodynamics and hydrodynamics
properties. Sharif and Tahir” constructed the physical properties of tilted model
for different space-time. Sahu et al.® and Sahu and Kumar? discussed spatially
homogeneous universe for various space-time in different gravitation theory and
geometry. Dagwal and Pawar;'%!! Pawar and Dagwal'>'? analyzed tilted dark en-
ergy models, tilted two fluid models and tilted scalar field for solving cosmological
problem. Sandin* and Vermal® (2009) examined the effect of two fluid models on
tilted universe and solved the exact solutions.

The importance of wet dark fluid is derived from the fact that it is a good
calculation for various fluids, including water, in which the internal attraction of
the molecules makes negative pressure possible. One of the virtues of this model is
that the square of the sound speed, ¢ which depends on dp/dp, can be positive,
which still gives rise to the cosmic acceleration in the current epoch.

Homogeneous and isotropic wet dark fluid model is analyzed by Holman and
Naidu.'® Higher-dimensional space-time with wet dark fluid in modified theory of
gravity has been expressed by Sahoo and Mishra.!” Chaubey!® and Singh and
Chaubey'? investigated physical and geometrical properties of wet dark fluid.

l.20

Samanta et al.*® considered negative pressure with wet dark fluid. Physical im-

plications of wet dark fluid in biometric theory of gravitation have been studied by
Jain et al.2

We have inspired to use the wet dark fluid (WDF) as a model for dark energy
which stems from an experiential equation of state investigated by Hayward?? to
treat water and aqueous solution.

The equation of state for Wet Dark Fluid is

pwpF = Y(pwpF — p*)

and motivated by the fact that it is good approximation for various fluids, including
water, in which the internal attraction of the molecules makes negative pressure
possible.

We use the energy conservation equation

pwor + 3H (pwpr + pwor) =0

From equation of state and using 3H = % in the above equation, we get

07 5
PWDF = mp + m
where s is the constant of integration and v is the volume expansion.

Wet dark fluid naturally comprises two components: a piece that behaves as a
cosmological constant as well as a standard fluid with an equation of state p = ~yp.
We can show that if we take s > 0, this fluid will not violate the strong energy
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condition p+ p >0

pwoF + pwor = (14 7)pwpr —7p" = (1 + W)ﬁ > 0.

Lyra2?3 has expressed a modification of Riemannian geometry by presenting a
gauge function into the structure less manifold, which bears a close resemblance
to Weyl’s geometry. A static universe has been obtained by Sen.?* Thermody-
namic equilibrium property in Lyra’s geometry has been calculated by Karade and
Borikar.2% Sen and Dunn?% explored Einstein field equations constructed on Lyra’s
manifold. Halford?” considered the vector field ¢; in Lyra’s manifold which plays a
parallel role of cosmological constant A in general theory of relativity. Cosmological
solution in Lyra’s geometry has been constructed by Bhamra.?® Vacuum cosmolog-
ical universe in Lyra’s geometry has evaluated by Beesham.?? Mohanty et al.2°
obtained non-existence cosmological model for Perfect Fluid in Lyra’s geometry.
Pawar et al.;3' Dagwal and Pawar32 developed tilted universe in Brans—Dicke the-
ory of gravitation and general relativity, respectively. The behaviors of dark energy,
mesonic scalar field, magnetic field and anisotropy parameter in gravitation theo-
ries are developed by Aktas et al.33:34 £53:54 investigated different tilted and
non-tilted model in modified gravity. Non-comoving models with wet dark fluid in

scalar theory of gravitation are formulated by Sahu et al.3® Aktag,?¢ Aygiin et al.,3”
l_38

Yousa:

Yilmaz et al.® and Dagwal and Pawar3?4? have studied Lyra geometry and other
alternative theories.

LRS Bianchi type-I metric is the spatially homogeneous and anisotropic flat
universe. FRW universe has the equivalent scale factor for each of the three spatial
directions where as LRS Bianchi type-I metric has dissimilar scale factors. The
singularity of LRS Bianchi type-I metric behaves like Kasnser metric. It has been
studied that a metric filled with matter, the early anisotropy in LRS Bianchi type-
I metric speedily expires away and evolves into a FRW universe. It has simple
mathematical form and motivating because of the capability to clarify the cosmic
evolution of the early universe. Due to its prominence, several authors have explored
LRS Bianchi type-I metric from different aspects.

Abdussattar and Prajapati*! investigated LRS Bianchi type-I with modified
Chaplygin gas equation of state. Bishi et al.*? developed LRS Bianchi type-I in
f(R,T) gravity. Solanke et al.*> presented LRS Bianchi type-I metric in the presence
dark energy.

Motivated by the above work, we have examined tilted cosmological models by
using conformally flat space-time with wet dark fluid in Lyra geometry. In this
paper, we have discussed tilted universe with time-dependent displacement field
vector, heat conduction vectors and also discussed big rip singularity. We have
investigated distances in cosmology. This paper is organized as follows. Section 2
deals with metric and field equations, Sec. 3 deals with physical and geometrical
property, Sec. 4 deals with distances in cosmology, Sec. 4.1 deals with look-back
time-redshift, Sec. 4.2 deals with proper distance, Sec. 4.3 deals with luminosity
distance, Sec. 4.4 deals with angular-diameter distance, Sec. 4.5 deals with distance
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modulus, Sec. 5 deals with results and discussion. The conclusion was provided in
Sec. 6.

2. Metric and Field Equations
We consider the metric in the form
ds® = —dt® + 2> da® + 2P (dy? + d2?) (1)

where « and [ are the functions of ¢ alone.
The field equations of wet dark fluid in Lyra geometry are given by

Rl - SgR+ S0 — Sglond =), 2)
where ¢ is a time-dependent dlsplacement field vector, defined by
¢i = (0,0,0,7(t)). 3)
The energy-momentum tensor given by
T/ = (pwor + pwor)uit’ + pworg! + ¢’ + g, (4)
together with
giju'v! = =1, qi¢' >0, gul =0, (5)

where pwpr is the pressure and pwpr is the energy density of wet dark fluid, ¢; is
the heat conduction vector orthogonal to u?. The fluid vector 1’ has the components
(SiEBA ,0,0, cosh )\) satisfying Eq. (5) and X is the tilt angle.

The field equation (2) for metric (1) reduces to

3 sinh )\

2844 + 3537 + 172 (pwpF + pwpr) sinh? X + pwor + 21 (6)
2 2, 3 o

g + Baa + cufs + o + By + 77 = Pwor, (7)

3 sinh A
Bi + 20y — 172 —(pwpr + pwpr) cosh® A + pwpr — 2q1 , (8)

o sinh? \

(pwpF + pwpr)e® sinh A cosh A + g1 cosh A + ¢; by 0. (9)

Here the index 4 after a field variable denotes the differentiation with respect to
cosmic time ¢.

The set (6)—(9) are four field equations containing seven unknown «, 3, 7, pwpr,
PWDF; A, q1- To obtain a determinate solution we have to consider three additional
constraints.

First, we consider that the space-time is conformally flat, which gives

44

e
Ca323 = ?[0444 + Oéi — Baa — Baay]. (10)
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Second, the shear scalar is proportional to the expansion scalar o and 3 (Ref. 20)
a=mp, (11)

where m is constant.

The motive behind considering this condition is described with reference to
Thorne,** the observations of the velocity-red-shift relation for extragalactic sources
suggest that Hubble expansion of the universe is isotropic today within ~30%
(1996). To put more precisely, red-shift studies place the limit £ < 0.3 on the ratio
of shear o to Hubble constant H in the neighborhood of our galaxy today. Collins
et al.%5 pointed out that for spatially homogeneous metric, the normal congruence

to the homogeneous expansion satisfies that the condition % is constant.
Solving Egs. (10) and (11) we get

o =log(nf'T) and g = log(nyTY/™), (12)

where T' = mt — nq, n1, ny are integration constants.
Equation (12) can be rewritten as

e =nPT and e’ =n,TY™. (13)
Hence the line element (1) is reduced to

dr?
ds® = ——— 4+ n2"T? da® 4+ n2T?/™ (dy? + d=?), 14
2 2 2
m

3. Some Physical and Geometrical Properties

Finally, in order to obtain the solution of the equation we consider the following
equation of state:

PWDF = —2PWDF- (15)
From Egs. (6), (8) and (15) we get

4(ng —m+2)

1
3n3T? ’ (16)

PWDF = —2PWDF =
where T' = mt — nq, n1, ny are integration constants.

The energy density of wet dark fluid is presented by 3D and 2D graphs in Figs. 1
and 2, respectively. The energy density of wet dark fluid approaches toward infinity
when cosmic time is at the initial stage. For large value of cosmic time, the energy
density of wet dark fluid is zero. The energy density of wet dark fluid has big rip
singularity at T = (t = %) It has big bang singularity at big value of ¢. The
intermediate phase is between big bang and big rip singularity.

Using Eqgs. (7) and (16) we get

o 4(na +3nam —m —3m? + 1)

- . 17
gl 33T (17)
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«10'8
16

1.4

20
20

10 10 1P

Energy density Cosmic Time
of wet dark fluid

Fig. 1. Behavior of energy density of wet dark fluid vs. cosmic time ¢ (1 unit = 1 billion years)
and m with different ns.

14
Al ; . : ; . , .

m=20 n,=1000
m=21 n2=1001
m=22 n2=1002
m=23 n2=1003

Energy Density of Wet Dark Fluid

0 10 20 30 40 50 60 70 80 90
Cosmic Time

Fig. 2. Energy density of wet dark fluid against cosmic time ¢ (1 unit = 1 billion years).

The variation of v against cosmic time is shown in Fig. 3. When cosmic time is
large, v — 0 but when 7" — 0, the value of v is diverging. The model has big rip
singularity at T = (t = %) The model is vanishing at big bang and diverges at
big rip i.e. the model is beginning at big bang and finishes with big rip singularity.
When T' = (t = %), the value of v — oo.
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“m=20,n2=1000

—_— m=21,n2=1001

o+ m=22,n,=1002

- m=23,n2=1003

0 10 20 30 40 50 60 70 80 90
Cosmic Time

Fig. 3. Variation of v against cosmic time ¢ (1 unit = 1 billion years).

The tilt angle A, flow vectors u’and heat conduction vectors g; for the model
(14) are given by

cosh A = MY2  sinh\ = (M — 1)1/2, (18)

_ 4n2+9n2m—9m2—7m—2
where M = 6(na+3nam+1—2m—3m?2) "

M — 1)1/2
W= MV e, (19)
ny'T

The variations of flow vectors versus cosmic time are represented in Fig. 4 by
locating the value ny = (1000, 1001,1002,1003) and m = (20, 21,22, 23). The flow
vectors increase with increase in cosmic time. The flow vectors diverge when T' =
(t = %) The flow vectors approach to zero for large value of cosmic time. The flow
vectors start with big bang whenT" — oo.

Ny N

- _ 2 20
q1 T ) 44 T ) ( )
where
2Mn3 (M — 1)Y2(2m 4 3m? — ny — 3ngm — 1)
N = 2
and
2(M — 1)M"Y?(ng + 3ngm + 1 — 2m — 3m?)
N, = 5 .

ny
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48
x10

1.6 T T

m= 20, n, = 1000

m= 21,n2= 1001

m= 22, n,= 1002
m= 23, n, = 1003

Flow vectors

0-9 1 L L L
0 2 4 6 8 10

Cosmic Time

Fig. 4. Variation of flow vectors against cosmic time (1 unit = 1 billion years).

800 T T T T
m=20, n2=1000
600 - m=21 ,n2=1001 ]
%) m=22, n2=1002
o
8 400 F m=23, n2=1003 ]
>
c
i)
© 200 ]
3
c N
o 0k =
©
5}
T
-200 g
400 | L | .
0 2 4 6 8 10

Cosmic Time

Fig. 5. Variation of heat conduction vectors against cosmic time ¢ (1 unit = 1 billion years).

The profiles of heat conduction vectors are represented by 2D and 3D graphs
in Figs. 5 and 6. The heat conduction vectors start at T — oo and end with
T = (t = ™). The heat conduction vectors approach to infinite at trivial value of
cosmic time.
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10 —
8
6 -
=
4. 3
4
1'.
2
0 g \
100 8 |1 :
7 \§ \ == 100
~L e 50
Heat conduction 0 o0 Cosmic Time
vectors

Fig. 6. Variation of heat conduction vectors against cosmic time ¢ (1 unit = 1 billion years)
and m.

The scalar expansion and shear scalar are

m+ 2)M*/2
PRS- LIS -
2(m — 1)2
0'2 = (3n%T2) R (22)

The variations of the scalar expansion against cosmic time are represented in
Fig. 7 by locating the values ny = (1000, 1001, 1002, 1003) and m = (20, 21, 22, 23).
The scalar expansion increases with trivial value of cosmic time. When 7" — 0,
scalar expansion expanded the universe. The scalar expansion initiates at big bang
and stops with big rip.

The profile of shear scalar against cosmic time is shown in Fig. 8 by setting the
values ny = (1000,1001,1002,1003) and m = (20,21,22,23). When T — (t = 2L),
the shear scalar is expanding. The shear scalar is in between the values of initial
and large cosmic time. The shear scalar starts at T'— oo and ends at 7" — 0. The
shear scalar has big rip singularity at T — (t = %) The shear scalar begins at big
bang and finishes with big rip singularity. The shear scalar has same singularity
like energy density of wet dark fluid and time dependent displacement field vector.

The spatial volume and the rate of expansion H; in the direction of x, y, z-axis,
are respectively, given as

V = nnT 5,
2m 2 (23)
H, = Ho=H3; = ——
1 n2T7 2 3 n2T
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Fig. 7. Variations of scalar expansion against cosmic time ¢ (1 unit = 1 billion years).
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Fig. 8. Variation of shear scalar against cosmic timet (1 unit = 1 billion years).

The variations of spatial volume against cosmic time are represent in Fig. 9
by setting the values of ny = (1000,1001,1002,1003), m = (20,21,22,23) and
ny = —0.3. The spatial volume has same singularity like energy density of wet dark
fluid, time dependent displacement field vector and shear scalar.
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Fig. 9. Variations of spatial volume against cosmic time ¢ (1 unit = 1 billion years).
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Fig. 10. Variations of rate of expansion H; against cosmic time ¢ (1 unit = 1 billion years) and m.

The profile of rate of expansion H; against cosmic time ¢ and m is shown in
Fig. 10 by locating the values of ny = (1000, 1001, 1002, 1003), m = (20, 21, 22, 23)
and n; = —0.3. The rate of expansion diverges at T' = (t = %) It is expanded at
big rip and stops at big bang.

2050196-11



Mod. Phys. Lett. A Downloaded from www.worldscientific.com
by MACQUARIE UNIVERSITY on 06/23/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

V. J. Dagwal et al.

The density parameter, anisotropy parameter and deceleration parameter of the
model are respectively given as

(ng —m—2)
Q=2"Mm=
9(m + 2)2
2
A= 2|2 )7 (24)
3| (m+2)?
14 _mn2
=1t Ty

4. Distances in Cosmology

The distance measurement played a significant role for sympathetic about Universe.
We have shown some of the different distance measures.

4.1. Look-back time-redshift

The look-back time tj, is defined as the difference between the present age of the
universe tg and the age of the Universe, when a particular light ray at redshift z
was emitted. The look-back time ¢, is defined as

tr, = to 7t(2) = /ao df.ay (25)

a

where t( is present age of the universe .
The scale factor a in terms of redshift parameter z is written as

a 1

aozl—l—z’

(26)

where ag is the present day scale factor of the universe and z denotes redshift of
light.
Using Eq. (26), we get

—3m

(mt —ny) = (mtg —nq)(1 + z)™+2. (27)
From Eq. (27), we get

where Hy is the Hubble constant at present. The value of Hubble constant Hy lies
between 50-100 km s~ Mpc—!.
Using Eq. (28), we get

6 (1+2m) , (1+2m)(d+5m) , }

Ho(toft) = — |z

ny | (m+2) : (m+2)? (29)
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Fig. 11. Variation of look-back time ¢ against redshift z.

By using ¢ = -1+ %, we get

Ho(tg —t) = 3m ) {Z B (I42m)mnsa ,

(m+2)(g+1 2(¢+1)
(14 2m)(4 + 5m)m?n3 ,
o 30
6(g + 1) o (30)
In Eq. (28), when z — 0o, we get
, [2(m+2) H?

tp =ty —t=Hy" =0 31
peto-t=yt B = By

For small value of z, using Eq. (30), we get

3m

Hy(to —t) = (32)

m+2)(g+1)"

The profile of look-back time ¢;, against redshift z is shown in Fig. 11 by setting
the values of ny = (1000, 1001, 1002, 1003), m = (20, 21, 22, 23) and Hy = 70.

4.2. Proper distance

The proper distance d(z) is defined as the distance between a cosmic source emitting
light at any instant ¢ = t; located at r = r; with redshift z and the observer
receiving the light from the source emitted at » = 0 and t = t,.

d(z) = riao, (33)

¢
where 7 = [,* %.
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Fig. 12. Variation of proper distance d(z) against redshift z.

The proper distance d(z) is given by

a:) = DD g i g ).

ng(m — 1) (34)

When z — oo, the proper distance d(z) is n%:f)l) ot
The profile of proper distance d(z) against redshift z is shown in Fig. 12 by
setting the values of ny = (1000, 1001, 1002, 1003), m = (20, 21,22, 23) and Hy = 70.

4.3. Luminosity distance

The luminosity distance dpof light source is defined as
dr, = agr1(142) =d(2)(1 + 2). (35)
From Egs. (34) and (35) we get

(m + 2) 1 —2(m—1)
_ _ (m+2)
dr, Py p— 71)H0 [1 (14 2) ™+ | (14 2). (36)

The profile of luminosity distance d; against redshift z is shown in Fig. 13 by
setting the values of ny = (1000, 1001, 1002, 1003), m = (20, 21, 22, 23) and Hy = 70.

4.4. Angular-diameter distance

The angular-diameter distance d4 is defined in term of proper distance and lumi-
nosity distance as

da=d(z)(1+2)" =dp(1+2)72 (37)
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Fig. 13. Variation of luminosity distance dj, against redshift z.
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Fig. 14. Variation of angular-diameter distance d4 against redshift z.

From Egs. (34) and (37) we get

(m+2) .., =gmL) -1
da=— L H 1= (14 2) | (1 : 38
a= B 1 ) (14 2) (39)
The profile of angular-diameter distance d 4 against redshift z is shown in Fig. 14
by setting the values of ny = (1000,1001,1002,1003), m = (20,21,22,23) and
Hy = 170.
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Fig. 15. Variation of Hubble parameter H(z) against redshift z.

4.5. Distance modulus

The distance modulus p(z) is defined as

wu(z) = blogdy + 25. (39)
From Egs. (36) and (39) we get
(m+2) - =Hmon
,u(z):5log{nz(ml)H01[l—(1+z) ) ](1+z)}+25. (40)

The Hubble parameter H and deceleration parameter ¢ in terms of redshift z
(Ref. 46) are given by

H(z) =2(m+2)nJ (1 4 2) @52, (41)
or,
H(z) = Ho(1 + =) (3%), (42)
3m _(3mtnat2
q(z) = —-1— y— 2)2n§m_1) (1+2) (S )7 (43)

M)

a(z) = —1 — (1 + go) (1 + 2)~ (53 (44)

where Hj is the present value of the Hubble parameter and ¢q is the present value
of the deceleration parameter.

The profile of Hubble parameter H(z) against redshift z is shown in Fig. 15 by
setting the values m = (20, 21,22,23) and Hy = 70.
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Fig. 16. The contour plot of deceleration parameter ¢(z) against redshift z.

The contour plot of deceleration parameter ¢(z) against redshift z is shown in
Fig. 16 by setting the values of ny = (1000, 1001, 1002, 1003), m = (20,21, 22, 23)
and Hy = 70.

5. Results and Discussion

The pressure pwpr and the energy density pwpr of wet dark fluid are vanishing
at large cosmic time but when 7" — 0, the pressure pwpr and the energy density
pwpr of wet dark fluid are divergent. Tiled angle\ and flow vectors u*
When M = 1, the tilt angle ), the flow vectors u*and heat conduction vectors ¢, ¢4
are zero. When T = oo, the flow vectors u! and heat conduction vectors ¢, g4 are
disappearing but the flow vectors u'and heat conduction vectors ¢, g4 are divergent
at T'= 0. At T = oo, the scalar expansion and shear scalar are disappearing but
primarily, the scalar expansion and shear scalar are divergent. The shear scalar is
zero atm = 1 and the scalar expansion is disappearing for m = —2. The models
are nonexpanding at m = —2 and no shearing when m = 1. The spatial volume is
constant for m = —2 . When T' = 0, the rate of expansion is divergent. But for T" —
00, the rate of expansion is zero. The density parameter and anisotropy parameter
are constant. The density parameter and anisotropy parameter are divergent for
m=—=2.

are constant.

6. Conclusion

We have examined the tilted universe with big rip singularity and wet dark fluid
in Lyra geometry. The model is expanding, shearing and rotating universe. The
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spatial volume, the energy density of wet dark fluid, time dependent displacement
field vector and shear scalar have big rip singularity at T = (t = %) The models are
vanishing at big bang and diverge at big rip i.e. the model is begins at big bang and
ends with big rip singularity. The tilted universe has intermediate phase between big
bang and big rip singularity. The model initiates with big bang at the initial stage.
The expansion in the model decreases as time rises and the expansion in the model
rest at large cosmic time. The pan cake-type” singularity is observed in the universe
when cosmic time is zero. We have discussed physical and geometrical properties of
the different parameter. These results match with the results investigated by Sahoo
et al*® and Dagwal .49

e The energy density of wet dark fluid is presented by 3D and 2D graphs in Figs. 1
and 2, respectively. The energy density of wet dark fluid approaches toward in-
finity when cosmic time is at the initial stage. For large value of cosmic time, the
energy density of wet dark fluid is zero. The energy density of wet dark fluid has
big rip singularity at T' = (t = %) It has big bang singularity at big value of ¢.
The intermediate phase is between big bang and big rip singularity.

e The variation of v against cosmic time is shown in Fig. 3. When cosmic time is
large, v — 0 but when T" — 0, the value of 7 is diverging. The model has big rip
singularity at T' = (t = %) The model is vanishing at big bang and diverges at
big rip i.e. the model begins at big bang and finishes with big rip singularity.

e The variations of flow vectors versus cosmic time are represented in Fig. 4 by
locating the value ny = (1000,1001,1002,1003) and m = (20,21,22,23). The
flow vectors increases with increase in cosmic time. The flow vectors diverge
when T = (t = %) The flow vectors approach to zero for large value of cosmic
time. The flow vectors start with big bang when7T — oo .

e The profile of heat conduction vectors are represented by 2D and 3D graphs in
Figs. 5 and 6, respectively. The heat conduction vectors start at 7' — oo and end
with 7= (¢ = ). The heat conduction vectors approach to infinite at trivial
value of cosmic time.

e The variations of the scalar expansion against cosmic time are represented
in Fig. 7 by locating the values ny = (1000,1001,1002,1003) and m =
(20,21, 22,23). The scalar expansion increases with trivial value of cosmic time.
When T — 0, scalar expansion expanded the universe. The scalar expansion
initiates at big bang and stops with big rip.

e The profile of shear scalar against cosmic time is shown in Fig. 8 by setting
the values mo = (1000,1001,1002,1003) and m = (20,21,22,23). When T =
(t = %), the shear scalar is expanding. The shear scalar is in between the values
of initial and large cosmic time. The shear scalar starts at 7' — oo and ends at
T — 0. The shear scalar has big rip singularity at 7' = (t = %) The shear scalar
is beginning at big bang and finishes with big rip singularity. The shear scalar
has same singularity like energy density of wet dark fluid and time-dependent
displacement field vector.
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The variations of spatial volume against cosmic time are represented in Fig. 9
by setting the values of ny = (1000, 1001,1002,1003), m = (20,21, 22,23) and
n1 = —0.3. The spatial volume has same singularity like energy density of wet
dark fluid, time-dependent displacement field vector and shear scalar.

The profile of rate of expansion H; against cosmic time ¢ and m is show in Fig. 10
by locating the values of ny = (1000, 1001, 1002, 1003), m = (20,21,22,23) and
ny = —0.3. The rate of expansion diverges at T = (¢t = %1). It is expanded at big
rip and stops at big bang.

The profile of look-back time ¢, proper distance d(z), luminosity distance d;, and
angular-diameter distance d 4 against redshift z are shown in Figs. 11-14, respec-
tively, by setting the values of ny = (1000, 1001, 1002, 1003), m = (20, 21, 22, 23)
and Hy = 70.

The profile of Hubble parameter H(z) against redshift z is shown in Fig. 15 by
setting the values m = (20,21, 22,23) and Hy = 70.

The contour plot of deceleration parameter ¢(z) against redshift z is shown in
Fig. 16 by setting the values of no = (1000, 1001, 1002, 1003), m = (20, 21,22, 23)
and Hy = 70.
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Abstract: This paper deals with the study of tilted plane symmetric cosmological model in the presence of perfect fluid,
heat conduction and massless scalar field. We investigate the analytical solution of field equations by imposing power law
relation between the metric potentials as well as the equation of state p = wp, 0 <w < 1. Also, some physical and

kinematic parameters of the model are discussed.

Keywords: Tilted model; Plane symmetric; Perfect fluid; Massless scalar field

1. Introduction

In 1920s Albert Einstein and Alexander A. Friedmann
proposed a theoretical framework based on general rela-
tivity, which is one of the strongest pillars of hot Big Bang
theory. It is well known that Einstein’s general theory of
relativity is the most successful theory of gravitation, used
to construct the cosmological models of the universe. Our
present understanding of the universe is based upon this hot
Big Bang theory, which explains its evolution from the
early stage to present stage of the universe. In fact,
expansion of the universe, the relative abundance of light
elements and the cosmic microwave background (CMB)
have helped to establish the hot Big Bang as the preferred
model of the universe. Recent modern cosmological
observations of Riess et al. [1, 2] and Perlmutter et al. [3]
from type Ia Supernovae (SNela) point out that our uni-
verse is going through accelerated expansion phase. The
intriguing evidence for this is obtained with the support of
Bennett et al. [4] and Tegmark et al. [5]. This accelerated
expansion of the universe causes due to dark energy which
is not yet understood. On the large scales, the universe has
a flat geometry and this flatness occurs due to matter

*Corresponding author, E-mail: sarikashahare83 @gmail.com;
pawar @yahoo.com; yadaosolanke @ gmail.com; vdagwal @ gmail.com

Published online: 15 July 2020

present in the universe. But there is neither sufficient
ordinary matter nor dark matter in the universe to produce
this flatness. Hence, the difference must be attributed to the
component with negative pressure which is called a dark
energy which composes with [13/4 of the critical density.
This dark energy causes the accelerated expansion of the
universe. The Wilkinson Microwave Anisotropy Probe
(WMAP) satellite made precision measurements of CMB
fluctuations from which researchers were able to determine
several cosmological parameters such as density of the
ordinary matter and dark matter, Hubble constant, age of
the universe and cosmological constant. Also, WMAP
experiment suggested that 73% content of the universe is in
the form of dark energy, 23% in the form of non-baryonic
dark matter and the rest 4% in the form of the ordinary
baryonic matter as well as radiation.

We considered the plane symmetric cosmological
model. In recent years, there has been a considerable
interest in investigating the plane symmetric cosmologies
in spite of spherical symmetry since it plays vital role in
understanding inhomogeneities of theoretical cosmology.
Inhomogeneous plane symmetric model has been studied
by Taub [6, 7], Szekeres [8], Tomimura [9], Singh and
Ram [10] and Taruya and Nambu [11]. Plane symmetric
model with vacuum and Zel’dovich fluid has been obtained
by Mohanty et al. [12]. Pradhan [13] and Venkateswarlu
et al. [14] presented inhomogeneous anisotropic non-static
plane symmetric model. Also, Mishra [15] has studied the

© 2020 IACS
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effect of vacuum inhomogeneous plane symmetric space
time on the evolution of the universe. Pawar et al. [16]
investigated plane symmetric model with disordered radi-
ation. Sahoo and Mishra [17] obtained solutions for plane
symmetric model with quark matter with the help of
Rosen’s theory. Recently, Pawar and Agrawal [18] pre-
sented homogeneous plane symmetric model in f(R,
T) theory with the quark and strange quark matter.

After the development of inflationary model, Linde [19]
has discussed the importance of scalar field (mesons) in
cosmology. One of the interacting fields is a massless
scalar field. From the last few decades, a considerable
interest has been focused on the cosmological models with
massless scalar field coupled to the gravitational field.
Bergmann and Leipnik [20] and Bramhachary [21] have
developed the massless scalar field with spherically sym-
metric gravitational fields. Buchdahl [22], Gautreau [23],
Stephenson [24], Rao [25], Singh [26] and Chatterjee and
Roy [27] obtained solutions of field equations with mass-
less scalar field (meson field) in the framework of general
relativity. The gravitational repulsion in the Einstein’s
theory with massless scalar field has been investigated by
Krori et al. [28]. He noticed that gravitational repulsion is
possible for particle velocities lower than those required in
the Schwarzchild field in the presence of scalar field.
According to Santilli [29], the massless scalar field is
basically an attempt to look into yet unsolved problem of
unification of gravitational and quantum theories. Further
study of massless scalar field has been done by Reddy [30],
Pradhan [31], Panigrahi [32] and Katore [33]. Inflationary
universe scenario with constant deceleration parameter in
the presence of massless scalar field and flat potential
taking Bianchi type VI space time as a source is discussed
by Bali and Kumari [34]. The massless scalar field acquired
a particular importance due to the suggestion given by
Weinberg and Wilkzek [35, 36]—there should exist axion
(pseudo-scalar) of negligible mass. This idea of axion is
further supported by the work of Peccei and Quinn [37].

In the present work, we study tilted cosmological model
in the presence of perfect fluid, heat conduction with
massless scalar field. King and Ellis [38], Ellis and King [39]
and Collins and Ellis [40] have bowed the seed of tilted
cosmological models. Particularly, homogeneous cosmo-
logical model is said to be tilted if the fluid flow velocity
vector is not orthogonal to the group orbits; otherwise, the
model is said to be non-tilted. Tilted Bianchi type I model
with electromagnetic field has been discussed by Dunn and
Tupper [41], Lorenz [42]. Mukherjee [43], Bali and Meena
[44], Coley [45] and Pradhan [46] studied tilted cosmolog-
ical models. Tilted plane symmetric cosmological model
with heat conduction and disordered radiation has been
discussed by Pawar et al. [47]. Pawar and Dagwal [48, 49]
presented tilted two fluid cosmological model in general

relativity and Kantowski—Sachs cosmological model in
scalar tensortheory of gravitation. Sahu [50, 51] obtained
tilted Bianchi type I cosmological model with mesonic stiff
fluid and Lyra geometry. Pawar et al. [52] investigated tilted
plane symmetric model in the presence of magnetic field
with dust fluid. Tilted cosmological model in f{R, T) theory
of gravitation has been investigated by Pawar and Dagwal
[53]. Recently, Pawar and Shahare [54-56] investigated
some tilted cosmological models in presence of perfect fluid.

The present model is characterized by the equation of
state (EoS) p = wp, 0 <w <1 by considering some cases.
In general relativity, the evolution of the expansion rate is
parameterized by the cosmological equation of state (EoS).
It is the relation between temperature, pressure, and com-
bined matter, energy and vacuum energy density for any
region of space. It plays important role in observational
cosmology today. Aygun et al. [57] have investigated the
cosmological model with the help of equation of states
(EOS). We focused our attention to study the tilted plane
symmetric homogeneous and anisotropic cosmological
model in the presence of perfect fluid, heat conduction and
zero-mass scalar field. Physical and kinematical solutions
of the field equations are obtained for the applications in
cosmology and astrophysics. Homogeneous and aniso-
tropic cosmological models have been studied widely in
the framework of general relativity in the search of realistic
picture of the universe. The purpose of this paper is to
study the effect of tilted congruence of the model. To get
the deterministic model, we have used two basic assump-
tions: (1) equation of state (EoS) and (2) the power law
relation between the metric potentials A and B. We also
studied the behavior of some physical and geometrical
parameters. This paper is organized as follows: Sect. 2
presents the metric and field equations, Sect. 3 provides the
solutions of the field equations, Sect. 4 discusses the dis-
tance modulus, Sect. 5 presents the results and discussion,
and Sect. 6 gives the conclusion.

2. Metric and field equations

We consider the plane symmetric metric in the form
ds* = —dt* + A*(t) (dx* + dy?) + B*(t)dz* (1)

The field equations determine the values of the
components of the metric of a space time for some
known content. Once the metric is known, one can begin to
compute geodesics in the space time: these are the paths
that bundles of light rays travel along or the orbits that
planets trace out. This enables GR, as a gravitational
theory, to predict directly observable quantities. This also
applies to the entire universe: Einstein’s field equations
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allow the metric for the entire universe to be computed
once the content of the universe is known. The Einstein’s
field equations in the presence of perfect fluid, heat
conduction and zero-mass scalar field are given by

A ) .

R — —Rg/ = —8n(°T! +'T/ 2
| — 5 Re] n("T) +'T]) (2)

where

") = (p+ p)uid + pg! + g’ + uig’ (3)

is the energy momentum tensor for perfect fluid with heat
conduction together with

gl = —1, )
giq’ > 0 and gu' = 0. (5)

where p is the pressure, p is the energy density, g; is the
heat conduction vector orthogonal to u'. The fluid flow
vector u' has the components (0, 0,522 cosh «) satisfying
Eq. (5) and « is the tilt angle.

Further, the stress tensor corresponding to massless
scalar field ”Tij is given by

| 1
T = — (U — 5 glu, U 6
j 4n( 58 ) (6)

The Klein—Gordon equation corresponding to the scalar
field U is given by

g[jU:,ij =0 (7)
The field equations of metric (1) reduce to
Asys  Bay  A4By 2
4+ =24+ "= 8mp—U 8
A B A B p 4> ( )
AN’ A o sinhoa 1,
X) +27f—8n{(p+p)s1nh o+ p+2g;3 B +§U4 ,
)
As\® . A4Bs ) sinhe 1
(X) +2X§——8n{—(p+p)c05h o+p—2qs3 B —§U4},
(10)
87 (p + p)B sinh zcosh o + gs coshor 4 g S
—8n sinh o cosh o cosh o =
p q3 q3 cosh o )
(11)
Uss + Us[log (AB)] ,= 0. (12)

where suffix 4 after field variable denotes ordinary differ-
entiation with respect to cosmic time t.

For the plane symmetric cosmological model, the
average scale factor R and the spatial volume V are given
by

R(t) = (AZB)% (13)

V=R'=AB (14)

The directional mean Hubble’s parameter for this model
is given by
R 1
H="2=_(H +H, +H5). (15)
R 3
where Hy, H, and H; are the directional Hubble’s param-
eters in the directions of x, y and z axes, respectively.
The anisotropic expansion parameter A,, for the universe
is defined as

3

1 G- (AH\®
Am:§Z(H> , where AH; =H;, — H (16)

i=1

This anisotropic parameter can be used to examine
whether the universe expands anisotropically or
isotropically. The universe expands anisotropically for
nonzero value of anisotropic parameter, and that of it
expands isotropically if A,, = 0.

The deceleration parameter is given by

RRy d (1
=——"—=— (=] =1 17
=R T (H) (17)

Also, the expansion scalar © and the shear scalar ¢ are
given by

Ay By

©=3H=2-"242 18
1 3

2 2 2

o _§<§H H: —3H> (19)

3. Cosmological solutions

In order to obtain explicit solution of field equations (8)—
(12), which are highly nonlinear differential equations in
seven unknowns, namely B, U, p, p, o and g3, we have
imposed two extra constraints:

(a) Equation of state (EOS). In principle, there is no
compelling reason for this choice.

p=owp, 0<o<l (20)

This gives rise to the following cases:
(1) For mesonic fluid, @ = 0.
(2) For a stiff fluid or Zel’dovich fluid, we have o = 1.
(3) For a radiation dominated solution, we have w = %
(b) The power law relation between metric potentials A
and B is
B=A", wheren # 1 is constant. (21)

Using Egs. (20) and (21) in Eq. (8) gives
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Ay (A4 : )
—8mp=(n+1)—+n"|— | +U; (22)
A A
1 Agy A\
—8mp = — | (n+ 1)7+n2(x) +U2|. (23)
From Eq. (12), scalar field U is given by
C
=— 24
Us = 1op (24)

The directional mean Hubble’s parameter for this model
is given by

1 /. As By
H=-|2—+—]. 25
3 ( A B) (25)
where the directional Hubble’s parameters along

directions of x, y and z axes, respectively, are given by
A A B
4 4o B

1 A7 2 A7 B

(26)

The anisotropic expansion parameter A,, for the universe
is given by

—1\2
Am:2<n ) , wheren#1, n# =2

n+2 27)

The present value of anisotropic expansion parameter
A, nearly matches with that of value obtained by Rao and
Prasanthi [58], Sahoo et al. [59] and Mishra et al. [60].

Also, the expansion scalar © and the shear scalar ¢ are
given by

Ay By
O=3H=2—+— 28
Y (28)
1
i g(n —1)>, wheren # 1 (29)

From Eq. (27) and (29), it is observed that values of
anisotropic expansion parameter A,, and shear scalar ¢ are
independent of w and hence remain the same in all the
cases.

The heat conduction vectors are

g1 =q2=0,
—(w + 1)pA” sinh o cosh? o
q3 = )
cosh 2o
g4 = (0 + 1)psinh? acosh o

|
—~

(%)

(=)
~

Case I For mesonic fluid w = 0:
For mesonic fluid, solution of our model is as follows:
Solving field equations (8)—(12) with the help of (21)

gives

A=T", B=T"

(31)

where T = ¢t + ¢3, m:n"—ler 1, n# 1. Also, ¢; and ¢;

are constants of integrations.

V= Tm(n+2) (32)
Also, from Eq. (24) scalar field U is
Cngf(n+2)m
U=——— 33
1—(n+2)m (33)

where c; is constant of integration.
Using Egs. (22)-(23), (31)—(32) with w = 0, the pres-
sure and energy density become

p=0 (34)

cam?  2cim(m — 1)
T? T?

8np=2(n+1) (35)

The directional mean Hubble’s parameter for this model
is given by

mcy (n+2
H=— . 36
2 () (36)
where the directional Hubble’s parameters are
mc mcy mncy
H =—. H =— = . 37
1 T’ 2 T’ 3 T ( )

The anisotropic expansion parameter A,, for the universe
is given by

~1\?
Am=2<” ) where n # 1, n #2 (38)

n+2

Also, the expansion scalar @ and the shear scalar ¢ are
given by

n+2
O = mc ( T ) (39)
21 2
a :g(nfl) , wheren # 1 (40)
The deceleration parameter q is
1—n
=5 +2 (41)
Tilted angle is
n+1 1—n
h*o=——, sinh?o= 42
cosh” o 5, simh e =—- (42)

The heat conduction vectors are

-1 cm?  2cim(m —1)
Q3:8—{2(n—|—1) D +— 2

q =q =0,

1+n
Tm
(=)

i
1—n
2n "’
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| cm? 23m(m—1)] (1 —n\ [1+n
) 1 3 3
= %n (n+1) TEa T? } ( 2n ) 2n
(43)
ds* = —dT? + T*"(dx* + dy*) + T*™dZ* (44)

Case II For a stiff fluid or Zel’dovich fluid, we have
w=1:
Equations (9), (10), (20) and (23) result in

Ay Ay

A—4+(n+l)X=O (45)

Integrating Eq. (45) gives
1
A= (it + k)= 177,
B = (kit + kp)i2= TP,

where Ty, = kit + k,.
The spatial volume is

V=T
where k; and k, are constants of integration.
Scalar field U is
log(kit + k
y = etk + ko) ! + ko)
1

Using Eqs. (22), (46)—(47) with w = 1, the pressure and
energy density become

(48)

1
8np = 8np =7
i

k(1 —2n)
(n+2)*

—CZ], n# -2, n#l

(49)

The directional mean Hubble’s parameter for this model
is given by

mky (n+2
H=— . 50
(52 (50)
where the directional Hubble’s parameters are
mk mk mnk
H=— H =——_  H:= 51
1 T] 5 2 T] ) 3 T] ( )

The anisotropic expansion parameter A,, for the universe
is given by

—1\?2
Am2<” 2), where n # 1, n #2 (52)

n-+

Also, the expansion scalar © and the shear scalar ¢ are
given by

2
@:mk1<n+ )
T

(53)

1
o> = 30— 1)2, wheren # 1 (54)
The deceleration parameter g is
3(n+1)
= - 55
T+ ) +ntl) (53)
Tilted angle is
cosh’or = 1,
sinh® o0 = 0 (56)
The heat conduction vectors are
h=q0=93=4q4=0 (57)
_2_ 2n
ds* = —dT} + T (d* + dy?) + T} ?d? (58)

Case III For a radiation dominated solution, we have
1.
W=z

3

For this case, Egs. (9), (10), (21) and (24) result in
n2+n+1>A?‘_ —2C?

n+2 A (n+2)An+3

2A44+2<

This equation can be written as

df? 2 1\ 2 —2C?
o (Al bl (59)
da n+2 JA (n+2)A+3
where Ay = f(A), Awu=f%
Equation (59) gives
dA\® A2 ()
2 -2
= _ P — d A n+2 60
4 (dt) w1 T (60)
where d; is constant of integration.
For this solution metric (1) reduces to
C2T-2n—2 o (2et) -1
d 2 — 2 di T n+2 dTZ
* [ 2n+1 taky } 2
+ T3 (dX* + dY?) + T3"dZ? (61)
where A =T, dx =dX, dy =dY, dz =dZ.
Sothat A=T,, B=Tj. (62)
For this case, the spatial volume is
vV =Ty (63)

Using Egs. (23)-(26) with w =1, the pressure and
energy density become

2n + 1Y\ =2l-an6
ey -2 64
p 1(n+2> 2 , n# (64)
2n+ 1\, 22w
8np = 3d; (m)Tz ,n# =2 (65)

The directional mean Hubble’s parameter for this model
is given by
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n+2/1
H= — . 66
=6 (66)
where the directional Hubble’s parameters are
1 1 n
H=—, H=—, H;=—. 67
1 T2 9 2 T2 9 3 T2 ( )

The anisotropic expansion parameter A,, for the universe
is given by

—1\?
Amz<z+2>, where n # 1, n #2 (68)

Also, the expansion scalar @ and the shear scalar ¢ are
given by

2
o-"7 (69)
1
1
i g(n —1)%, wheren #1 (70)
The deceleration parameterq is
1 -
— 1. 71
q=.—5n# (71)
Tilted angle is
n+3 l1—n
ho=——""0  sinh®a=_-——""o ~1.
cosh” o CESIA sinh” o 2t ) n #
(72)
The heat conduction vectors are
G1=q=qs=0
1 3)2n+1 1 - =2 =216
o L3ty [1on oy 73

87 n+2 2(n+1)2

4. Distance modulus

The direct evidence for the current acceleration of the
universe is related to the observation of luminosity dis-
tances of high redshift supernovae [1-3]. The apparent
magnitude m of the source with an absolute magnitude M
is related to the luminosity distance d;. Distance modulus
(w) is the distance between apparent magnitude (m) and
absolute magnitude (M). It is the measure of distance to the
object.

u(@) =m—M = 5logy, (dL(Z)) +25 74
Mpc

If redshift z < 1, then Hyd; =~ 2

14z

Ho /\/Qmo 1+2) +QA0

satisfying Q,,0 + 240 = 1, where Q,,0 and Q,o are non-
relativistic matter density and dark energy density,
respectively (Tables 1, 2).

We can measure the apparent magnitude m and the
redshift z observationally; it depends upon the objects
which we observe. In order to get a feeling of the phe-
nomenon, we consider two supernovae: 19900 at low-
redshift z=0.03 with m=16.26 and 1997R at high redshift z
=0.657 with m=23.83 [1, 2]. For z«1, the luminosity dis-
tance is approximately given by dj(z)=z/H,. Using the
apparent magnitude m=16.26 of 19900 at z=0.03, the
absolute magnitude is estimated as M=—19.28 from
Eq. (74). Here, we adopted the value Hy'=2998 h™' Mpc
with £=0.70. Then, the luminosity distance of 1997R is
obtained by substituting m=23.83 and M=-19.15 in
Eq. (74):

HOdL ] 0927

(75)

for z = 0.657. (76)

Also, for m;=23.83 and M=—19.15,
Hody, ~ 0.817, for z = 0.656. (77)

From Eq. (75) the theoretical estimate for the luminosity
distance in a two-component flat universe is

Hody (z = 0.657) ~ 0.740, Qo ~ 1 (78)
Hody(z=0.657) = 0.92, Q,0~0.3, Q=07

(79)
Hody(z = 0.656) ~ 0.817, Q0 ~ 0.38 (80)

In fact, two data points are not sufficient to conclude that
the present cosmological expansion is accelerating and
dark energy required. But by assuming a flat universe,
Perlmutter et al. [3] found that about 70% of the energy
density of the present universe consists of dark energy.
Hence, dark energy is required to best fit the theoretical
data and observational data (Fig. 1).

5. Results and discussion

Case I For mesonic fluid o = 0:

Recent astrophysical observations show that the
observed value of deceleration parameter of the universe is
in the range —1 <g < 0 which is gy = —0.77. In the present
case for n=2.5, we have obtained gy = —0.76 which is
consistent with respect to the observed value of DP of the
universe at present epoch [61]. Here, ¢<0 for n > 1;
hence, our model is accelerating. For 0.6 <n<1, ¢(—1,0);
also, for n > 1, ¢ <0 and hence our model is accelerating.
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Table 1 Illustration of SNela apparent magnitude data at low-redshift z < 1

Name of SN Redshift (z) Apparent magnitude (1) Luminosity distance (Hody,) Absolute magnitude (M)
19900 0.03 16.26 0.03 -19.28
1992bg 0.036 16.66 0.036 -19.29

Table 2 Illustration of SNela apparent magnitude data at high redshift z, Perlmutter et al. [3]

Name of SN Absolute magnitude (M) Redshift (z) Apparent magnitude (1)) Luminosity distance (Hody)
1997R —19.15 0.657 23.83 0.92
1995¢ck -19.15 0.656 23.57 0.817
5.0 T T T T Figure 2a and b shows the variation of energy density,
—— @, Hubble parameter versus cosmic time ¢ in an accelerating
Ae / (©) / mode of the universe for different values of n=1.5, 1.6,
PITY N B U J ' (b/)' 1.65 and C; =2.5, C; =3.1. It is observed that energy
e gy = 07 / . density and Hubble parameter are decreasing functions of
Ty =1 ! ,/ () cosmic time and they vanish for large value of T and
s.el ) / ] become infinite at 7=0. Also, it remains positive
i / throughout the evolution of the universe. It starts with a
= /' positive value and approaches to zero as T — oo. Also,
= ,/ E since —1 <g <0, the present model represents accelerating
i /L 7 T universe. Hence, the universe starts evolving with big bang
/ . B singularity at 7=0. That’s why the model obtained here is
P / ’ 7 not only expanding but also accelerating which represents
1.0 2 8 early stages of evolution of the universe which is in good
/// 4 agreement with recent observations.
7 Also, Fig. 3a and b shows variation of spatial volume V,
0.0 L ! L 1 1 i expansion scalar @ versus cosmic time. It is observed that
¢ ¢-& 1 1.5 2 &% ¥ the spatial volume increases with an increase in cosmic
z time. Also, V—-0as T —0 and V — o0 as T — o0,
Fig. 1 Variation of Hod; against redshift z which show that the universe starts expanding with zero
Fig. 2 Variation of energy &
density and variation of Hubble o

parameter against cosmic time
for C, = 2.5, C, = 3.1 with
varying n = 1.5, 1.6, 1.65
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Fig. 3 Variation of spatial § — T ©
volume and variation of
expansion scalar against cosmic & -
time for C; = 2.5, Cy = 3.1 & n=0.023 /“ ©
with varying n = 1.5, 1.6, 1.65 = & // ®
St 4 =
g~ / S~
=1 (2]
° o / c
S 8r / 1 2
s / S o
© o
& 8l # 4 &
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(a)

volume and explode at infinite past. The expansion scalar is
a decreasing function of cosmic time. It is observed that the
expansion rate is faster at the beginning and becomes slow
in the later stage. It starts with the positive value
approaching to zero as 7 — oo. Tilted angle and heat
conduction vector are functions of cosmic time.
Case II For a stiff fluid or Zel’dovich fluid, we have w = 1
In this case, the model (58) admits a singularity at
T) — oo. Also, the metric potentials A and B tend to zero
as T; — 0 and hence the space time collapses at 7] — 0. It
is observed from Eq. (48) that the massless scalar field U is
a logarithmic function of cosmic time and hence Big Bang
of the universe can be avoided by introducing scalar field
U. The mean anisotropy parameter Am and shear scalar ¢
of the model are constant and same as that of previous case.
Tilted angle is independent of cosmic time, and heat con-
duction vectors are zero. Figure 4a shows the variation of
pressure (p) with respect to cosmic time for different values
of n and it is observed that pressure decreases with an

Cosmic time t

(b)

increase in cosmic time. Also, it remains positive
throughout the evolution of the universe. Figure 4b depicts
the variation of energy density (p) with respect to cosmic
time for different values of n, and it is observed that energy
density starts with a positive value and then decreases with
an increase in cosmic time. Also, it is observed that for
infinite value of Tj, pressure and energy density tend to
zero. Figure 5a and b represents variation of Hubble
parameter and expansion scalar versus cosmic time. We
observed that Hubble parameter and expansion scalar are
positive decreasing functions of cosmic time and they
approaches to zero as 71 — oo. Figure 6 depicts variation
of the spatial volume against cosmic time. The universe
starts its expansion with zero volume and expands expo-
nentially with an increase in cosmic time and becomes
infinite when 7| — oo which indicates that the present
model starts expanding with big bang singularity at
T: — 0. In this case, the shear scalar and the mean aniso-
tropy parameter A,, are constant throughout the evolution

Fig. 4 Variation of pressure © —TTTT T T T 1 T 1
and energy density against
cosmic time for k} = 2.5,. ky = o n=0.015 | _| — — n=0015|
3.1, C = 0.012 with varying — — n=0.115 n=0-115
n=0015, 0.115, 0.215 n=0.215[ | M4 e n=0.215
< - = .
a ‘©
2 g ]
2" 1 5
a 2
o~ - w n
S . ST T S W Y T T —t
0 05 1 15 2 25 3 35 4 45 5 15 2 25
Cosmic time t Cosmic time t
(@) (b)
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Fig. 5 Variation qf Hubble 2 T TTTTTT o~
parameter and variation of
expansion scalar against cosmic — — n=0.015 J - = "foms
time for ky = 2.5, k, = 3.1, o —— i \ I
C = 0.012 with varying -1 ‘ 1 o 2N :
n =0.015, 0.115, 0.215 -1 N
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N — T T, — oo. Also, Fig. 8a and b depicts the variations of the
- Hubble parameter and the expansion scalar against the
w - /£ cosmic time. From these graphs, it is observed that Hubble
// parameter and the expansion scalar are decreasing positive
i Q- J - valued functions of cosmic time. These two parameters
§ // tend to zero as T, — oo. Hence, in the present case,
o . . . . . .
> e // — expansion in the model decreases with an increase in time
% /s and the expansion stops as 7, — oo. Figure 9 depicts the
o 2k // - variation of spatial volume. It is observed that spatial
// volume in the present case increases with an increase in
wr  J - cosmic time. Also, V — 0 as T, — 0; hence, the model
obtained here starts expanding with zero volume and tha
rd btained here starts expanding with 1 d that
% S E——— of V — oo as T — oo, which shows that the present model
0 05 1 15 2 25 3 35 4 45 5

Cosmic time t

Fig. 6 Variation of Hubble parameter and variation of expansion
scalar against cosmic time for k; = 2.5, k, = 3.1, C = 0.012

of the universe; however, these values are exactly same as
the previous case.
Case III For a radiation dominated solution, we have
o==

Equation (71) shows that the deceleration parameter
q <0. The metric potentials A and B tend to zero as 7. The
tilted angle is constant, and one of the heat conduction
vectors is time dependent. In this case, it is observed that
the spatial volume, pressure, energy density, mean gener-
alized Hubble parameter, directional Hubble’s and expan-
sion scalar are functions of cosmic time. All these
parameters tend to zero as cosmic time tends to infinity
except the spatial volume. Tilted angle in all cases is
independent of cosmic time. Figure 7a and b shows vari-
ation of pressure and energy density with respect to cosmic
time for d; =2.5 with varying n=2, 2.1, 2.2. It is
observed that both pressure and energy density are
decreasing functions of cosmic time which tend to zero as

is expanding with Big Bang singularity at 7, = 0. This
model does not approach to isotropy due to nonzero value
of (%)2 as T, — co. The value of anisotropic parameter
and shear scalar is same as that of previous two cases.
Hence, the model obtained here is expanding, shearing
with anisotropic universe. These results are compatible
with the present observations; also, these results match
with results obtained by Singh [62-64].

6. Conclusion

In this paper, we have studied the evolution of universe
with heat conduction and massless scalar field filled with
perfect fluid. For that we considered tilted plane symmetric
cosmological model. We have obtained the general solu-
tion of the gravitational field equations with the help of
power law relation between the metric potentials and EoS
p = owp, 0<w< 1. Also, some physical parameters of the
model are discussed in three different cases.

From Figs. 3a, 6 and 9, it is observed that at the initial
epoch the spatial volume V of the model is zero and it is
increasing function of cosmic time. Also, V tends to infinity
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Fig. 9 Variation of spatial volume against cosmic time with varying
n=2, 21,22

cosmology which help to analyze the rate of expansion of
the universe as well as the fractional increase in the scale of
the universe in unit time. In all the three cases, Hubble
parameter and the expansion scalar are positive-valued
decreasing functions of cosmic time. From Figs. 3b, 5b and
8b, it is seen that at the beginning expansion rate is faster
and in the late stage this expansion rate slows down. In
other words, the expansion in the model decreases with an
increase in time and the expansion stops as time tends to
infinity.

The interesting and remarkable observation of the pre-
sent paper is that the mean anisotropy parameter Am and
the shear scalar ¢2 in all the three cases of the model are
same and constant throughout the evolution of the universe,
having nonzero values. Hence, the model obtained here
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with different deceleration parameters represents expand-
ing, shearing and anisotropic universe. These results are
compatible with the present observations; also, these
results match with results obtained by Singh [62-64].
These models not approach to isotropy due to nonzero
value of (%)2 as cosmic time tends to infinity. Another
remarkable observation made in the second case is that the
massless scalar field U is a logarithmic function of cosmic
time and hence Big Bang of the universe can be avoided by
introducing scalar field U.

Recent astrophysical observations show that the
observed value of deceleration parameter of the universe is
in the range —1 <g <0 which is go = —0.77. In first two
cases for n=2.5, we have obtained gy = —0.76 which is
consistent with respect to the observed value of DP of the
universe at the present epoch [61]. In these cases g <0 for
n> 1 and ge(—1,0) as 0.6 <n<1; also, for n > 1,¢<0.
In the third case, ¢g<0 for n > 1. Hence, the models
obtained here are not only expanding but also accelerating
which represents early stages of evolution of the universe
which is in good agreement with recent observations.
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The main purpose of this paper is to investigate LRS Bianchi type I metric in the
presence of perfect fluid and dark energy. In order to obtain a deterministic solution
of the field equations we have assumed that the two sources of the perfect fluid and
dark energy interact minimally with separate conservation of their energy—momentum
tensors as well EoS parameter of the perfect fluid is assumed to be constant. In addition
to this we have used a special law of variation of Hubble parameter proposed by Berman
that yields constant deceleration parameter. For the two different constant values of
deceleration we have obtained two different cosmological models. The physical behaviors
of both the models have been discussed by using MATLAB.

Keywords: LRS Bianchi type I models; perfect fluid and dark energy; EoS parameter.

1. Introduction

In the modern cosmology the numbers of recent astrophysical observational data
suggest that the present universe is not only expanding but also accelerating and
this accelerating phase of the universe is a recent phenomenon. Therefore, naturally
it is to be assumed that dark energy was insignificant in early evolution of the uni-
verse while it has the dominant contribution at the present accelerating epoch [IH4].
These observations also suggest that a transition of the universe from earlier deceler-
ation phase to the accelerated stage of universe can be due to the domination of dark
energy over other kinds of matter. In order to study the universe, the cosmologists

l Corresponding author.
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have decided to obtain the large scale structure of the universe. In the formation
of the large scale structure of the universe it should have decelerating expansion
in early phase of matter era. Thus the formation of structure in the universe is
supported by decelerating model, also model should have decelerating as well as
accelerating phase of universe to give a precise form for this reasoning [BH7]. The
simplest expanding cosmological models are those which are spatially homogeneous
and isotropic. The evolution of isotropic cosmological models filled with perfect fluid
dark energy has been extensively studied by many researchers. As it is predicted
that the cosmic accelerated expansion of the universe is due to some kind of mat-
ter with negative pressure called the dark energy. The experimental observations
such as cosmic microwave background radiation and large scale structure provide
an indirect proof for the late time accelerated expansion of the universe [SHI0]. The
numbers of models have been studied by considering ordinary matter as a perfect
fluid in the universe, but it is not sufficient to describe the dynamics of an accel-
erating phase of universe. This problem motivates the researchers to consider the
models of the universe filled with dark energy along with perfect fluid [TTHIZ]. In
order to explain why the cosmic accelerated expansion of the universe happens,
many candidates have been proposed. The cosmological constant is the prime can-
didate for dark energy even though having two well-known problems such as the fine
tuning and cosmic coincidence. The alternative candidates for the dark energy are
dynamical dark energy scenario. The quintessence, k-essence, chaplygin gas mod-
els, tachyon field, phantom field are some of the examples of dynamical dark energy
models [I5HIg].

The observational data exhibit that our current Universe has an accelerated
expansion. The concept of dark energy is used to define an accelerated expansion
of the Universe proposed by Einstein’s general relativity. This model successfully
describes the current acceleration of the universe, and fits fine with observational
data [45] 46]. The cosmological models with unbalanced matter equation of state

in the class of equation w = % are used, where p is the fluid pressure and p its
energy density. As it is well known that the vacuum energy for which w = —1,

mathematically equivalent to the cosmological constant A is one of the most promi-
nent candidates used by the cosmologists to explain the dark energy component of
the universe |9, 47, [48]. The dark energy represented by minimally coupled scalar
fields called quintessence for which w > —1 [49] 50], and phantom energy for which
w < —1 [5, BI]. The equation of state parameter is represented by stiff fluid era
w = 1, the radiation dominated era w = —1/3, matter dominated era w = 0 , transi-
tion era w = —1/3 and DE dominated era w = —1 [52, [53]. There are two methods
used to describe this accelerated expansion of the universe. First method is the
dark energy, in the framework of general relativity and second method is to modify
the gravitational theory. The researchers Odintsov et al. [54], Harko et al. [55], Wu
and Yu [56], Myrzakulov [57] and Li et al. [58] have investigated several modified
theories of gravity such as f(R) theory of gravity, f(R,T) theory of gravity, f(T)
theory of gravity, f(G) theory of gravity, etc.
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In this paper, we have studied LRS Bianchi type model in the presence of perfect
fluid and dark energy with variable EoS parameter for DE component whereas EoS
parameter for perfect fluid is assumed to be constant. In order to obtain the exact
solution of Einstein’s field equations we have assumed a special law of variation of
Hubble’s parameter that yields constant parameter. We have obtained two different
cosmological models by using two different explicit forms of scale factors depending
on the value of constant decelerating parameters. The paper is organized as follows.
In Sec. 2 the metric and the field equations are presented. In Sec. [3, an exact
solution of the field is obtained to get two different models for n = 0 and n # 0. In
Sec. [ exponential expansion model I for n = 0 is derived. In Sec. [}, geometrical
behavior of the model I for n = 0 is discussed and in Sec. some more physical
parameters are also discussed. In Sec. Bl power expansion model II for n # 0 is
derived. In Sec. B.1], geometrical behavior of the model II for n # 0 is discussed and
in Sec. some more physical parameters are also discussed. In Sec. [G] results and
discussion are presented. Finally, we have concluded the opinion about the models
in Sec. [l

2. Metric and the Field Equations
We consider LRS Bianchi type I metric [IT9H23] in the form given by

2
ds® = —di® + A%(t) {da:2 +dy® + <1 + ﬂ/ %) dzz}v (1)

where A(t)is a metric potential being a function of cosmic time ¢ and 3 is positive
constant.

We have selected metric (Eq. ({I)) because this is one of the simplest models of an
anisotropic universe which is homogeneous and spatially flat. If we considerg = 0,
the metric (Eq. () reduces to the Friedmann models with space-sections.

LRS Bianchi type-I metric is the spatially homogeneous and anisotropic flat
universe. FRW universe has the equivalent scale factor for each of the three spa-
tial directions whereas LRS Bianchi type-I metric has dissimilar scale factors. The
singularity of LRS Bianchi type-I metric behaves like Kasnser metric. It has been
studied that a metric filled with matter, the early anisotropy in LRS Bianchi type-
I metric speedily expires away and evolves into a FRW universe. It has simple
mathematical form and motivating because of the capability to clarify the cosmic
evolution of the early universe. Due to its prominence, several authors have explored
LRS Bianchi type-I metric from different aspects.

An anisotropic cosmological model plays an important role in the large scale
structure of the Universe. The various researchers studying on cosmology by using
relativistic cosmological models have not given proper details of explanation to
believe in a regular expansion of the early stages of the Universe. At the present
state of evolution, the Universe is spherically symmetric and the matter dispersal
in it is on the whole isotropic and homogeneous. But at the beginning stages of
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evolution, it could not have such a smoothed out picture because near the big bang
singularity neither the supposition of spherical symmetry nor of isotropy can be
strictly valid. Anisotropy of the cosmic expansion is an important quantity because
it is supposed to be damped out in the course of cosmic evolution but the recent
experimental data and critical arguments support the existence of an anisotropic
phase of the cosmic expansion that approaches an isotropic one. Therefore it makes
sense to consider models of the Universe with an anisotropic background.

In natural units (87G = 1, ¢ = 1), the Einstein field equations in case of a mix-
ture of perfect fluid and dark energy components are given by

1
Gij = Rij — 59i R = —Tij, (2)
where T;; = i(jm) + ﬂ(jde) is the overall energy-momentum tensor with Ti(jm) as the
energy—momentum tensors of the ordinary matter (perfect fluid) and Tl-(;ie) as the

energy-momentum tensors of the dark energy components which are, respectively,
given by

TO™E = diag[—p(™, p™, p™), pm)] = diag{—1,w™, W™, W] (3)

Tj(de)i _ diag[ip(de),p(de)7p(de),p(de)] _ diag[—l, w(de)’w(de),w(de)]p(de), (4)

where p™ and p(™) are the energy density and pressure of the perfect fluid com-

(de)

ponents respectively whereasp(?®) and p are the corresponding energy density

and pressure of the DE components while w(™) = i% and w(de) = pp(zz) are the
corresponding EoS parameters.

By assuming the comoving co-ordinate system, field equation [2) with Eqgs. (B])
and @) for the metric () turns into

A2 24
o = ) a0 e, (5)
A? 26A . .
= pl™) 4 plde). (6)

33—+ —F——
A2 AN+ B[ 4
By the equation of law of energy conservation (Bianchi identity) TZJJ =0, we have

pm 4 3[1+ w(m)]Hp(m) + plde) 4 3[1+ w(dE)]Hp(dE) —-0. (7)

3. Solution of the Field Equations

The field equations (@) and (@) involve five unknown variables, w(?®). Therefore, in
order to obtain the deterministic solution of the field equations we require three
more suitable assumptions relating these unknown variables.

According to Pacif and Abdussattar [I1], Akarsu and Kiline [T2], Abdussattar
and Prajapati [13], let us first assume that the perfect fluid and DE components
interact minimally. Therefore, equation of conservation of energy (@) can be split
up into two separately additive conserved components which are as follows.
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The energy conservation equation of the perfect fluid T;(jm)ij = 0 leads to
P 4 3[1 + w™Hp™ = 0. (8)
Similarly, energy conservation equation of the DE components T;(jde)ij = 0 leads to
P19 4 3[1 + w9 Hpld®) = 0, (9)

Here, overhead dot represents the differentiation with respect to cosmic time
whereas superscript (m) and (de) stand for perfect fluid (matter) and DE com-
ponents, respectively.

Second, we have assumed that the EoS parameter of the perfect fluid to be a
constant. Thus

wm = —— = Constant, (10)

whereas w(?©) has been allowed to be a function of cosmic time. Since the line
element (I)) is completely characterized by Hubble parameter H therefore finally,
we have assumed that the mean generalized Hubble parameter H is related to the
scale factor R by the relation [24]

HlR‘"l[AS <1+5/%)]%, (11)

where [ > 0 and n > 0 are constants. _
As the deceleration parameter ¢ = —1 — %, Eq. () yields the constant value

g=n-—1. (11a)

The universe with n < 1 corresponds to inflate the universe, whereas the uni-
verse with n > 1 defines decelerating universes. The universe with n = 0 has
non-singular origin while the universe with n % 0 has singular origin. However, the
present observations of SN Ia and CMBR favor accelerating models, i.e. ¢ < 0. An
arresting chance is that all the known cosmological models of Brans—Dicke theory
with flat space-times unsurprisingly render a constant deceleration parameter are
presented by Johri and Desikan [36]. Already such types of relations (Eq. ({II)) for
different space-times have been presented by Berman and Gomide [28]; Pradhan
et al. [29); Singh and Beesham [37]. Several authors have investigated the solu-
tions of Einstein’s equations using Berman’s law in unlike contexts of GR such
as Berman [38] [39]; Beesham [40, 1]. A number of authors like as Pradhanet et
al. 2], Singh and Desikan [43], Singh and Singh [44] have also been used this law
in cosmological models in alternative and modified theories of gravity. All these
referred works were carried out in homogenous and isotropic space-times.

Now, we discuss the dark energy cosmological model for n = 0 and n # 0 by
using Eq. () in the following two respective sections.
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4. DE Cosmological Model-I for n = 0
Comparing Eq. ([Il) with the definition H = % and integrating, we get
R(t) = ki€, 1>0, (12)

where kp is constant of integration.

Berman’s law is a generalization of the de Sitter and power-law expansions.

The average scale factor for n = 0 is represented by 2D graph in Fig. [[l The
average scale factor rises monotonically with respect to cosmic time ¢ and the
universe expands with acceleration for large values of the average scale factor. When
t — 0, the average scale factor is constant. The average scale factor diverges when
t — oo. The average scale factor is performing like exponential expansion. This
outcome decides with the studies of Berman and Gomide [28]; Pradhan et al. [29];
Dagwal and Pawar [22].

From given metric () the overall average scale factor R is defined as

[0 )

After little manipulations with Eqs. (I2)) (3.1.1) and ([I3)) (3.1.2), we get

A(t) = exp{lt + koe 3} (14)
and
dt 31t
1+ =)= kexp{—3koe "'}, (15)
where
k=K and ko= b (16)
9kl
15 T T T
= 1=0.01
hd 1=0.02
s 1=0.03
% 101 1=0.04 1
o= 1=0.05
Q
(0]
@
2 5 -
@©
2
<
o I
0 20 40 60 80 100

Cosmic time t

Fig. 1. Behavior of average scale factor R(t) versus cosmic time ¢(Gyr) with k; = 0.1 and different
value of [.
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Thus our required cosmological model for the given metric () takes the form
ds® = —dt* + {exp 2[lt + koe "]} [dz? + dy?] + k*{exp 2[It — 2koe 31| }d2>.
(17)

4.1. Geometrical behavior of the model I (17)

The directional Hubble parameters for the model along z—, y— and z-axis are,
respectively, given by

H, = H, =1(1—3koe ) and H, =1(1 + 6kge3"). (18)
Thus the mean generalized Hubble parameter for the model found to be
1
H = §(H$ + H, + H,) = | = constant. (19)
The mean anisotropy parameter A is defined and takes the value
3 2
_ 1 Hi—H\" _ 2 ,—6lt

i=1

The mean anisotropy parameter for n = 0 is represented by 3D graph in Fig.[2
The mean anisotropy parameter decreases monotonically with respect to cosmic
time and tends to a constant value in the large-time limit. When ¢ — 0, the mean
anisotropy parameter is constant. It is zero, when ¢ — oco. Also, the mean anisotropy
parameter dominates the physical sources in the sufficiently early times of the Uni-
verse.

The spatial volume of the required model is obtained as

V=43 (1 +6/ %) — ksel, (21)

%10
10 3
A
¢/ W=
5 A 25
22K RS
-~ 0 Zov ~ 2
A “‘ ’( 775
-5 . 15
10 1
30
0 05

0 o Cosmic time ¢

Anisotropy parameter

Fig. 2. Behavior of anisotropy parameter versus cosmic time ¢(Gyr) and [ with ko = %,,@ =0.5
and k = 0.1.
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Fig. 3. Behavior of spatial volume versus cosmic time ¢(Gyr) with k& = 0.1 and different value of .

The spatial volume for n = 0 is represented by 2D graph in Fig. Bl The spatial
volume rises monotonically with respect to cosmic time ¢. When ¢ — 0, spatial
volume is constant. The spatial volume diverges when t — oo.

Similarly, shear scalar as well as scalar expansion of the model, respectively,
given by

02 = 54kol?e 5! (22)

and

0 = 3H = 3l = constant. (23)

The shear scalar for n = 0 is represented by 3D graph in Fig.dl The shear scalar
decreases monotonically with respect to cosmic time and tends to a constant value
in the large-time limit. When ¢ — 0, shear scalar is constant. The shear scalar is
zero when t — oo.

The value of the constant deceleration parameter for this model is found to be

RR

4.2. Some physical parameters for the model I (17)

The energy density of the perfect fluid by assuming its EoS parameter w(™ to be
constant with the help of Eqs. (), (I4) and (23) is given by

p(m) — k2€73[1+w(m)]lt’ (25)

where ko being constant of integration.
The energy density of the perfect fluid for n = 0 versus cosmic time ¢ is shown
in Fig. [ by setting the values ky = 0.9,w(™ = 1 and different value of I. The
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Fig. 4. Behavior of shear scalar versus cosmic time ¢(Gyr) and | with ko = % B = 0.5 and
k=0.1.
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Fig. 5. Behavior of energy density of the perfect fluid versus cosmic time ¢(Gyr) with ko =
0.9,w(™) =1 and different value of .

energy density decreases monotonically with respect to cosmic time tand tends to
a constant value in the large-time limit. The energy density of the perfect fluid
is constant for small value of cosmic time ¢. The energy density of the perfect
fluid is zero for big value of cosmic time t. Figure [0 represents the variation of the
energy density of the perfect fluid against cosmic time ¢ with ks = 0.9,1 = 0.01 and
different value of w(™). The energy density of the perfect fluid for dust universe,
radiation universe, hard universe and Zel’dovich universe decreases monotonically
with respect to cosmic time ¢ and tends to a constant value in the large-time limit.
This result agrees with the studies of Saha [30, 31]; Singh and Chaubey [32].
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Fig. 6. Behavior of energy density of the perfect fluid versus cosmic time ¢(Gyr) with k2 = 0.9,1 =
0.01 and different value of w(™).
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Fig. 7. Behavior of energy density of the DE versus cosmic time ¢(Gyr) with kg = %, B=0.5k=
0.1, ks = —0.9,w(™) =1 and different value of [.

The energy density of the DE component by using Eq. (@) with Eqgs. (Id), (15)
and (28) is found to be

p(de) — 312(1 _ 9k§€_6lt) _ k2€_3[1+w(M)]lt. (26)

The profile of the energy density of the DE for n = 0 versus cosmic time ¢ is
shown in Fig. [l by setting the values kg = %,6 =0.5,k=0.1,ky = —0.9,w™ =1
and different value of [. The energy density of the DE decreases monotonically with
respect to cosmic time tand tends to a constant value in the large-time limit. The
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Fig. 8. Behavior of energy density of the DE versus cosmic time ¢(Gyr) with ko = %,ﬁ =0.5,k =
0.1, ko = —0.9,1 = 0.01 and different value of w(™).

energy density of the perfect fluid is constant for small value of cosmic time ¢.
The energy density of the DE is zero for big value of cosmic time t. Figure [
represents the variation of the energy density of the DE against cosmic time ¢ with
ko = ¢,8 = 0.5,k = 0.1,k = 0.9, = 0.01 and different value of w(™). The
energy density of the DE for dust universe, radiation universe, hard universe and
Zel’dovich universe decreases monotonically with respect to cosmic time ¢ and tends

—+—1=0.01
3 ——*—1=0.02

EoS parameter for the DE  (@®)

0 0.5 1 1.5 2 2.5 3 3.5 4

Cosmic time t

Fig. 9. Behavior of EoS parameter for the DE versus cosmic time ¢(Gyr) with kg = %,B =
0.5,k =0.1, ks = —0.9,w(™ =1 and different value of [.
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Fig. 10. Behavior of EoS parameter for the DE versus cosmic time t(Gyr) with kg = %,ﬂ =
0.5,k =0.1,ky = —0.9,1 = 0.01 and different value of w(™).

to a constant value in the large-time limit. This result agrees with the studies of
Saha [30, [31]; Singh and Chaubey [32].

Similarly, Eq. @) by using Eqs. (Id)), (15), @3) and (20) gives EoS parameter
for the DE component as

e _ {31+ OkGe— 1) 4 k(e ™l
{312(1 _ 9k(2)€76lt) _ k2673[1+w(m)]lt} )
The behavior of EoS parameter for the DE for n = 0 versus cosmic time ¢ is
shown in Fig.
Figure[[0 represents the EoS parameter of the DE for n = 0 against cosmic time
t with kg = %,B =05,k =0.1,ky = —0.9,] = 0.01 and different value of w(™).
The profile of EoS parameter of the DE for dust universe, radiation universe, hard

universe and Zel’dovich universe is discussed in Fig. 10. This result agrees with the
studies of Saha [30, [31]; Singh and Chaubey [32].

(27)

5. DE Cosmological Models II for n # 0
Comparing Eq. ([0 with the definition H = % and integrating we get
R(t) = (nlt+c1)w, 1>0, (28)

where ¢; is constant of integration.

The profile of the average scale factor for n # 0 versus cosmic time ¢ is shown
in Fig. [ by setting the values ¢; = 0.1, n = 0.5 and different value of [. The
average scale factor for n # 0 increases monotonically with respect to cosmic time
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DE Cosmological Models for n = 0
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Fig. 11. Behavior of average scale factor R(t) versus cosmic time ¢(Gyr) with ¢; = 0.1, n = 0.5
and different value of [.

t and the universe expands with acceleration for large values of the average scale
factor. When t — 0, the average scale factor for n # 0 is constant. The average
scale factor for n £ 0 diverges when ¢t — oo . The average scale factor is performing
like exponential expansion. This result agrees with the studies of Pacif et al. [6l;
Berman and Gomide [28]; Pradhan etal. [29]; Dagwal and Pawar [22].

From equation of a given metric ([Il) the overall average scale factor R is

defined as
R(T) = [AS (Hﬁ/%ﬂé' (29)

After little manipulation with Eqs. (28) and 29), we get

A(T) = T+ exp {ﬁT%} (30)

and

L e

where, for the sake of simplicity, we have chosen
T =nlt+c;. (32)
Thus from Eqgs. (28)) and (B2]) the average scale factor of this model takes the form
R=Tx. (33)
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Thus our required cosmological model for the metric [{II) becomes

-1 2 20 (n=3)
ds* = | —=5 | dT? + T exp =T 7
: (nl) i { 3B }

X {dﬁ +dy? + {exp %T@ } sz] . (34)

5.1. Geometrical behavior of the model II (37)

The directional Hubble parameters for the model along z7, ¥y~ and 2~ axis are,
respectively, given by
A 1
Hx = Hy = == — — /8 3
A nl 3plT=

and

_AADO+a 1 2

L= = — . 35
AT+ ) nT " st (3%)
Thus, the mean generalized Hubble parameter for the model is
1 1
H_g(Hw+Hy+Hz)_ﬁ. (36)

The Hubble parameter for n # 0 against cosmic time ¢ and [ is represented by
3D graph in Fig. by locating the values ¢; = 0.1, n = 0.5. When ¢t — 0, the
Hubble parameter for n # 0 is constant.

The Hubble parameter for n # 0 vanishes at ¢ — oo. The Hubble parameter

c1 c1

diverges when ¢ — —=%. The Hubble parameter has big rip singularity at { — —2%.

It has big bang singularity when ¢ — oo. The intermediate phase is between big

DE Cosmological Models for n=0

0
Hubble parameter Cosmic time t

Fig. 12. Behavior of Hubble parameter versus cosmic time ¢(Gyr) and [ with ¢; = 0.1, n = 0.5.
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bang and big rip singularity. The Hubble parameter starts with big bang and ends
with big rip singularity. This result agrees with the studies of Dagwal [21]; Berman
and Gomide [28]; Pradhan et al. [29]; Sahoo et al. [33]; Dagwal et al. [34].

The mean anisotropy parameter A; of the expansion for the model is

3 2
1 H —H 232
Ay — — E = )

R r ( H ) 91275 7

The mean anisotropy parameter for n # 0 against cosmic time t and [ is repre-
sented by 3D graph in Fig. I3 by locating the values n = 0.5, 6 = 0.5 and ¢; = 0.1.
The mean anisotropy parameter for n # 0 has big rip singularity when ¢t — — % and
big bang singularity when ¢t — oo. When n — 3, the mean anisotropy parameter is
constant.

The spatial volume V' of the model is found to be

V:A(Hﬁ/i—z)a:ﬁ. (38)

The spatial volume for n # 0 against cosmic time ¢ is shown in Fig. [[4] by
locating the values ¢; = 0.1, n = 0.5 and different value of [. The spatial volume for
n # 0 increases monotonically with respect to cosmic time t. When ¢ — 0, spatial
volume is constant. The spatial volume diverges when ¢t — oo.

Similarly shear scalar 02 and scalar expansion @ are, respectively, found to be

232 3
2
=——— and 0#=3H=—. 39
3n22Th nT (39)

The shear scalar for n # 0 against cosmic time ¢ and [ is represented by 3D

graph in Fig. by setting the values n = 0.5, = 0.5 and ¢; = 0.1. The shear

DE Cosmological Models for n #0 T
1400
1200
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600

400

20 200

10
Cosmic time t

Anisotropy parameter

Fig. 13. Behavior of anisotropy parameter versus cosmic time ¢(Gyr) and [ with n = 0.5,8 = 0.5
and ¢; = 0.1.
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DE Cosmological Models for n= 0
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Fig. 14. Behavior of spatial volume versus cosmic time t(Gyr) with ¢; = 0.1, n = 0.5 and different
value of [.
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Fig. 15. Behavior of shear scalar versus cosmic time ¢(Gyr) and ! with n = 0.5, = 0.5 and
c1 =0.1.

scalar for n # 0 has big rip singularity at ¢ — — 4. It has big bang singularity at
t — oo. The shear scalar for n # 0 starts with big bang singularity and ends with
big rip.

The value of the deceleration parameter for this model is obtained as

q=——=n—1. (40)
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5.2. Some more physical parameters of the model II (37)

As per our proposed assumption EoS parameter w(™) of perfect fluid being constant
energy density for the perfect fluid by using Eq. (§) with the help of Egs. B0) and

(1) is given by

plm = CQTM, (41)
where ¢; being constant of integration.

The energy density of the perfect fluid for n # 0 versus cosmic time ¢ is presented
in Fig. by setting the values ¢; = 0.1,¢2 = 0.3,n = 3,w(™ = 1 and different
value of [. The energy density of the perfect fluid for n # 0 decreases monotonically
with respect to cosmic time ¢ and tends to a constant value in the large-time limit.
The energy density of the perfect fluid for n # 0 is constant at beginning of the
Universe. The energy density of the perfect fluid for n # 0 is disappearing for large
value of the Universe. The energy density of the perfect fluid for n # 0 has big rip
singularity when and big bang singularity when t — oo. It starts with big bang
singularity and ends with big rip. The energy density of the perfect fluid for n # 0
has intermediate phase between big bang and big rip singularity. This result agrees
with the studies of Dagwal [2T]; Berman and Gomide [28]; Pradhanet. et al. [29];
Sahoo et al. [33]; Dagwal et al. [34]; Kumar and Akarsu [35]. Figure [[7 represents
the variation of the energy density of the perfect fluid for n # 0 against cosmic time
t with ¢ =0.1,¢2 = 0.3,n = 3,1 = 0.01 and different value of . The energy density
of the perfect fluid for n # 0, dust universe, radiation universe, hard universe and
Zel’dovich universe decreases monotonically with respect to cosmic time ¢ and tends
to a constant value in the large-time limit. This result agrees with the studies of
Saha [30, [31]; Singh and Chaubey [32]; Kumar and Akarsu [35].

DE Cosmological Models for n= 0
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Fig. 16. Behavior of energy density of the perfect fluid versus cosmic time ¢(Gyr) with ¢; =
0.1,c2 =0.3,n = 3,w(m) = 1 and different value of [.
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DE Cosmological Models for n = 0
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Fig. 17. Behavior of energy density of the perfect fluid versus cosmic time ¢(Gyr) with ¢; =
0.1,c3 = 0.3,n = 3,1 = 0.01 and different value of w(™).

Equation (@) with Eqs. (30), @BI) and (I gives energy density of the DE
component for the model [B4]) as

1—2nl
(de) _ (1= 2nl
r ( 3022

2 _
g 2n-18 3

C2

T% n2lT(n";a) n2T2

TS[Hw(m)] ) (42)

n

The energy density of the DE for n # 0 versus cosmic time ¢ is presented
in Fig. by setting the values ¢; = 0.1,¢0 = 0.3,n = 3,w™ = 1, = 0.5
and different value of [. The energy density of the DE for n # 0 is constant at
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Fig. 18. Behavior of energy density of the DE versus cosmic time
0.3,n = 3,w(™ =1,8=0.5 and different value of [.
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DE Cosmological Models for n= 0
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Fig. 19. Behavior of energy density of the DE versus cosmic time t(Gyr) with ¢1 = 0.1,¢2 =
0.3,n=3,0=0.91,8 = 0.5 and different value of w(™).

beginning of the Universe. The energy density of the DE for n # 0 is disappearing
for large value of the Universe. The energy density of the DE for n # 0 has big rip
singularity when ¢ — — and big bang singularity when ¢ — oco. It starts with big
bang singularity and ends with big rip. The energy density of the DE for n # 0 has
intermediate phase between big bang and big rip singularity. Figure [[9 represents
the variation of the energy density of the DE for n # 0 against cosmic time ¢ with
c1=0.1,¢0=0.3,n=3,1=0.91,5 = 0.5 and different value of w(™ . This outcome
approves with the studies of Dagwal [21]; Sahoo et al. [33]; Dagwal et al. [34]. The
energy density of the DE for n # 0, dust universe w(™ = 0, radiation universe
w(™ = 1/3, hard universe w(™ € (1/3,1) and Zel’dovich universe w(™ = 1 have
big bang singularity when ¢ — oo and big rip singularity when ¢ — —%L. It has
intermediate phase between big bang and big rip singularity. This result agrees with
the studies of Berman and Gomide [28]; Pradhan et al. [29]; Saha [30] [31]; Singh
and Chaubey [32]; Kumar and Akarsu [35].

Similarly, Eq. (@) with Eqs. (30), 1), () and [@2) gives EoS parameter of DE

component as

- 2 (m)
o) — 1 {(3 ), B e } (43)

 plde) n2T?2 3n212T S S TECD)

where p(?®) is given by Eq. @2).

The behavior of EoS parameter for the DE for n # 0 versus cosmic time ¢ is
shown in Fig. 20 by setting the values ¢; = 0.1,¢3 = 0.3,n = 3,w™ =1, =10.5
and different value of [. Figure 2] represents the EoS parameter of the DE for
n # 0 against cosmic time ¢ with kg = %,ﬁ =05,k =0.1,k; = —0.9,l = 0.01
and different value of w(™). The profile of EoS parameter of the DE for n # 0, dust
universe w(™ = 0, radiation universe w(™) = 1/3, hard universe w(™ € (1/3,1)
and Zel’dovich universe w(™ = 1 are discussed in Fig. ZIl The EoS parameter of
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Fig. 20. Behavior of EoS parameter of DE versus cosmic time ¢(Gyr) with ¢ = 0.1,¢c2 = 0.3,n =
3,w(m) = 1,6 = 0.5 and different value of [.
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Fig. 21. Behavior of EoS parameter of DE versus cosmic time ¢(Gyr) with ¢ = 0.1,¢c2 = 0.3,n =
3,1 =0.91,3 = 0.5 and different value of w(™).

the DE for n # Opositive value, the universe matter dominate phase and it has
negative value, the universe is at the present epoch. The previous real matter later
on changed to the dark energy dominated phase of the models in both accelerating
and decelerating approaches. This result agrees with the studies of Pradhan et

al. [29]; Saha [30 B1]; Singh and Chaubey [32].

6. Results and Discussion
6.1. DE cosmological model-I for n =0

The directional Hubble parameters H, = H, and H, are finite when the cosmic time
is zero as well as infinity. Thus, the model represents the inflationary era in the early
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universe and the very late time of the universe. The spatial volume of this model is
finite when ¢ = 0 and expands exponentially as ¢ increases and becomes infinitely
large at t = oo. This shows that universe starts with constant volume and expands
with exponential rate. The shear scalar o2, the mean anisotropy parameter A are
finite at t = 0 and tend to zero as cosmic time tends to infinity. The energy density
p™) of the perfect fluid is constant ks when cosmic time is zero and decreases
exponentially so as to converge at zero when EoS parameter of the perfect fluid
w(™) > 0 as per the proposed assumption. But energy density p(%) of the DE
component changes slightly when cosmic time is zero and decreases exponentially as
time increases further it converges to nonzero constant 312 as well as DE component
isfinite at ¢ = 0 and tends to zero as cosmic time tends to infinity. In the present

(de) . .. .
ST ey converges to 1 as t increases and this is sufficient to show

model ratio of p(df)
that the dark energy dominates the perfect fluid in the inflationary era. The mean
anisotropy parameter of expansion decreases monotonically when time increases
and converges to zero when time is infinite. Also lim; UTE = 0 indicates that
model approach to isotropy for large value of cosmic time. The EoS parameter of
the dark energy exhibits nontrivial behavior of the early time of the universe and
converges to —1 for late time [25]. Thus, when cosmic time ¢ = co EoS parameter
w(@) = —1. This is the simplest form of dark energy called vacuum energy, which is
mathematically equivalent to the cosmological constant. But in some cosmological
models value of the EoS parameter w = —1 is rejected so as to get the exact solution

of the field equations [20].

Graphical presentation for model-I:

e The average scale factor for n = 0 is represented by 2D graph in Fig. [l The
average scale factor rises monotonically with respect to cosmic time ¢ and the
universe expands with acceleration for large values of the average scale factor.
When ¢t — 0, the average scale factor is constant. The average scale factor diverges
when ¢t — oco. The average scale factor is performing like exponential expansion.
This outcome decides with the studies of Berman and Gomide [28]; Pradhan
et al. [29]; Dagwal and Pawar [22].

e The mean anisotropy parameter for n = 0 is represented by 3D graph in Fig. Bl
The mean anisotropy parameter decreases monotonically with respect to cosmic
time and tends to a constant value in the large-time limit. When t — 0, the
mean anisotropy parameter is constant. It is zero when ¢ — oco. Also, the mean
anisotropy parameter dominates the physical sources in the sufficiently early
times of the Universe.

e The spatial volume for n = 0 is represented by 2D graph in Fig. Bl The spatial
volume rises monotonically with respect to cosmic time ¢t. When ¢t — 0, spatial
volume is constant. The spatial volume diverges when t — oo.

e The shear scalar for n = 0 is represented by 3D graph in Fig. @l The shear scalar
decreases monotonically with respect to cosmic time and tends to a constant
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value in the large-time limit. When ¢ — 0, shear scalar is constant. The shear
scalar is zero when ¢ — oo.

e The energy density of the perfect fluid for n = 0 versus cosmic time ¢ is shown
in Fig. B by setting the values ky = 0.9,w(™) = 1 and different value of . The
energy density decreases monotonically with respect to cosmic time ¢ and tends to
a constant value in the large-time limit. The energy density of the perfect fluid is
constant for small value of cosmic time t. The energy density of the perfect fluid is
zero for big value of cosmic time ¢. Figure [Glrepresents the variation of the energy
density of the perfect fluid against cosmic time ¢ with ks = 0.9,1 = 0.01 and
different value of w("™). The energy density of the perfect fluid for dust universe,
radiation universe, hard universe and Zel’dovich universe decreases monotonically
with respect to cosmic time ¢ and tends to a constant value in the large-time limit.
This result agrees with the studies of Saha [30, [31]; Singh and Chaubey [32].

e The profile of the energy density of the DE for n = 0 versus cosmic time ¢ is shown
in Fig. [1 by setting the values ko = &2, = 0.5,k = 0.1,k = —0.9,w(™ = 1
and different value of [. The energy density of the DE decreases monotonically
with respect to cosmic time ¢ and tends to a constant value in the large-time
limit. The energy density of the perfect fluid is constant for small value of cosmic
time t. The energy density of the DE is zero for big value of cosmic time ¢.
Figure B represents the variation of the energy density of the DE against cosmic
time ¢ with ko = 527, 3 = 0.5,k = 0.1, ks = —0.9,1 = 0.01 and different value of
w(™) The energy density of the DE for dust universe, radiation universe, hard
universe and Zel’dovich universe decreases monotonically with respect to cosmic
time tand tends to a constant value in the large-time limit. This result agrees
with the studies of Saha [30, [31]; Singh and Chaubey [32].

e The behavior of EoS parameter for the DE for n = 0 versus cosmic time ¢ is
shown in Fig. @ Figure [0 represents the EoS parameter of the DE for n =0
against cosmic time ¢ withky = %,ﬁ = 0.5,k = 0.1,k = —0.9,1 = 0.01 and
different value of w("™). The profile of EoS parameter of the DE for dust universe,
radiation universe, hard universe and Zel’dovich universe is discussed in Fig. [0
This result agrees with the studies of Saha [30, [31]; Singh and Chaubey [32].

6.2. DE cosmological models-II for n # 0

The directional Hubble parameters H, = H, & H, are infinitely large at T =
0(.- T = nlt + ¢1) and becomes null when 7' = co. It is observed that at T' = 0, the
spatial volume vanishes while all other parameters diverge. Thus the derived model
starts evolving with zero volume and expands with cosmic time. This singularity
is point type because metric potential A(T') vanishes at the initial moment. The
mean anisotropy parameter Ay, the expansion scalar 6 and shear scalar o all vanish
when T" — oo, which indicates that universe is expanding with increase in cosmic
time. Also limp_, o "72 = 0 provided n < 6 which shows that the model approaches
isotropic for large value of cosmic time. According to Collins and Hawking [27]
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all the candidates for homogeneity and isotropizations are satisfied by the present
model. Thus the present model approaches isotropic during the late time of its
evolution.

Graphical presentation for model-II:

e The profile of the average scale factor for n ## 0 versus cosmic time ¢ is shown in
Fig.Mby setting the values ¢; = 0.1, n = 0.5 and different value of [. The average
scale factor for n # 0 increases monotonically with respect to cosmic time ¢ and
the universe expands with acceleration for large values of the average scale factor.
When ¢ — 0, the average scale factor for n # 0 is constant. The average scale
factor for n # 0 diverges when ¢ — oo. The average scale factor is performing
like exponential expansion. This result agrees with the studies of Pacif et al. [6];
Berman and Gomide [28]; Pradhan et al. [29]; Dagwal and Pawar [22].

e The Hubble parameter for n # 0 against cosmic time ¢ and [ is represented by
3D graph in Fig. by locating the values ¢; = 0.1, n = 0.5. When ¢t — 0,
the Hubble parameter for n # 0 is constant. The Hubble parameter for n # 0
vanishes at t — oo. The Hubble parameter diverges when ¢t — — . The Hubble
parameter has big rip singularity at ¢ — — 4. It has big bang singularity when
t — oo. The intermediate phase is between big bang and big rip singularity. The
Hubble parameter starts with big bang and ends with big rip singularity. This
result agrees with the studies of Dagwal [21]; Berman and Gomide [28]; Pradhan
et al. [29]; Sahoo et al. [33]; Dagwal et al. [34].

e The mean anisotropy parameter for n # 0 against cosmic time ¢ and [ is rep-
resented by 3D graph in Fig. by locating the values n = 0.5,3 = 0.5 and
c1 = 0.1. The mean anisotropy parameter for n # 0 has big rip singularity
when ¢ — —=&
anisotropy parameter is constant.

e The spatial volume for n # Oagainst cosmic time ¢ is shown in Fig. [[d by locating
the values ¢; = 0.1, n = 0.5 and different value of . The spatial volume for n # 0
increases monotonically with respect to cosmic time t. When ¢t — 0, spatial

and big bang singularity when t — co. When n — 3, the mean

volume is constant. The spatial volume diverges when t — oo.

e The shear scalar for n # 0 against cosmic time ¢ and [ is represented by 3D graph
in Fig.[[A by setting the values n = 0.5, 8 = 0.5 and ¢; = 0.1. The shear scalar for
n # 0 has big rip singularity at ¢ — —=%. It has big bang singularity at ¢t — oco.
The shear scalar for n # 0 starts with big bang singularity and endswith big rip.

e The energy density of the perfect fluid for n # Oversus cosmic time ¢ is presented
in Fig. by setting the values ¢; = 0.1,¢p = 0.3,n = 3,w(™ = 1 and different
value of [. The energy density of the perfect fluid for n # 0 decreases monotoni-
cally with respect to cosmic time tand tends to a constant value in the large-time
limit. The energy density of the perfect fluid for n # 0 is constant at beginning
of the Universe. The energy density of the perfect fluid for n # 0 is disappearing
for large value of the Universe. The energy density of the perfect fluid for n # 0

has big rip singularity when ¢ — — and big bang singularity when ¢ — oo.
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It starts with big bang singularity and ends with big rip. The energy density
of the perfect fluid for n # 0 has intermediate phase between big bang and big
rip singularity. This result agrees with the studies of Dagwal [21I]; Berman and
Gomide [28]; Pradhan et al. [29]; Sahoo et al. [33]; Dagwal et al. [34]; Kumar and
Akarsu [35]. Figure [T represents the variation of the energy density of the per-
fect fluid for n # 0 against cosmic time ¢ with ¢; = 0.1,¢2 = 0.3,n = 3,1 = 0.01
and different value of w(™). The energy density of the perfect fluid for n # 0,
dust universe, radiation universe, hard universe and Zel’dovich universe decreases
monotonically with respect to cosmic time ¢ and tends to a constant value in the
large-time limit. This result agrees with the studies of Saha [30, [B1]; Singh and
Chaubey [32]; Kumar and Akarsu [35].

e The energy density of the DE for n # 0 versus cosmic time ¢ is presented in Fig.
by setting the values ¢; = 0.1,¢0 = 0.3,n = 3,w™ = 1,3 = 0.5 and different
value of [. The energy density of the DE for n # 0 is constant at beginning
of the Universe. The energy density of the DE for n # 0 is disappearing for
large value of the Universe. The energy density of the DE for n # 0 has big
rip singularity when ¢t — —% and big bang singularity when ¢ — oco. It starts
with big bang singularity and ends with big rip. The energy density of the DE
for n # 0 has intermediate phase between big bang and big rip singularity.
Figure represents the variation of the energy density of the DE for n # 0
against cosmic time ¢ with ¢; = 0.1,¢co = 0.3,n = 3,1 = 0.91,8 = 0.5 and
different value of w(™). This outcome approves with the studies of Dagwal [210;
Sahoo et al. [33]; Dagwal et al. [34]. The energy density of the DE for n # 0, dust
universe w(™) = 0, radiation universe w(™ = 1/3, hard universe w(™ € (1/3,1)
and Zel’dovich universe w(™ = 1 have big bang singularity when ¢ — oo and big
rip singularity when ¢ — —2% . It has intermediate phase between big bang and
big rip singularity. This result agrees with the studies of Berman and Gomide
[28]; Pradhan et al. [29]; Saha [30, BI]; Singh and Chaubey [32]; Kumar and
Akarsu [35].

e The behavior of EoS parameter for the DE for n # 0 versus cosmic time ¢ is
shown in Fig. 20 by setting the values ¢; = 0.1,¢2 = 0.3,n = 3,w(™ =1,3=0.5
and different value of [. Figure 2l represents the EoS parameter of the DE for
n # 0 against cosmic time ¢ with kg = %,ﬁ =0.5,k=0.1,ko = —0.9,1 = 0.01
and different value ofw("™). The profile of EoS parameter of the DE for n # 0, dust
universe w("™) = 0, radiation universe w(™) = 1/3, hard universe w(™ € (1/3,1)
and Zel’dovich universe w(™) = 1 are discussed in Fig. Il The EoS parameter
of the DE for n # 0 positive value, the universe matter dominate phase and it
has negative value, the universe is at the present epoch. The previous real matter
later on changed to the dark energy dominated phase of the models in both
accelerating and decelerating approaches. This result agrees with the studies of
Pradhan et al. [29]; Saha |30, B1]; Singh and Chaubey [32].
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7. Conclusion

In this paper, we have investigated accelerating LRS Bianchi type-I dark energy
cosmological model for n = 0 and n # 0. As we have defined the Hubble’s parameter
in Eq. () it gives rise to two types of cosmological models depending on the nature
of the value of constant deceleration parameter whether it is positive or negative.
The first form of the universe having negative value of deceleration parameter shows
the exponential expansion of the universe while second form of the universe having
positive value of deceleration parameter shows the power law expansion of the
universe. For the exponential expansion model all the parameters H, Hy, H., A, o
are constant at t = 0. As ¢ — 0o the EoS parameter of the DE component is —1,
i.e. w@) = —1 which may be considered as vacuum energy density. Obviously, it
is equivalent to cosmological constant and it is important to note that this class of
solution is consistent with the recent observations of the supernova I, [IH4]. For the
power law expansion model H,, H,, H,, A1,02, 0 all these parameters are infinitely
very large at initial moment and decrease with increase in time and vanish at large
value of cosmic time.

Finally, we conclude that there is no singularity in dark energy cosmological
model-I for n = 0 but in dark energy cosmological model-1I for n # 0 we have big
bang, big rip and point type singularity [59]. This result agrees with the studies
of Ashtekar and Singh [60]; Bojowald [61]; Singh [62]; Shamir [63]; Pradhan and
Amirhashchi [64]; Bali and Kumawat [65], etc. Model-IT has intermediate phase
between big bang and big rip singularity. In both model-I and II, it is investigated
that, in early stage, the EoS parameter w is positive, i.e. the universe is matter
dominated in early stage but in late time, the universe is evolving with negative
values, i.e. the present epoch. Thus our DE models represent realistic models.
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ABSTRACT

The present paper reports the comparison of free length thermodynamically and acoustically of alpha
alumina (a-Al203) nano suspension in ethanol base fluid. a-Al20s nanoparticles were synthesized
through alkoxide route using sol-gel method. Intermolecular free length has been calculated by thermo
acoustical method at different temperatures over the entire range of concentrations and compared with
the valued obtained from well established thermodynamic method. The ultrasonic velocity
measurement at 4 MHz with an interferometric technique has been made on alpha alumina (a-Al203)
nano suspension in ethanol base fluid. Measurement was taken for the density. The intermolecular free
length was calculated from the velocity and density measurements. Free length is related with the
surface of nanoparticles and nanoparticle surfactant interactions and help for the study of thermo
acoustic and thermodynamic properties of nanosuspension.

Keywords : a-Al203, Ethanol, Free Length, Nanosuspension

I. INTRODUCTION Thermodynamically, free length of nanoparticles in
nanosuspension is given by,
Lt =2Va/ A

Where V.and A represents the available volume and

Extensive use of free length has been made to study the
attraction and repulsion forces between the

nanoparticles in nanosuspension. Thermo acoustically _ ) )
the surface area of nanoparticles in nanosuspension.

free length of nanoparticles in nanosuspension is given Al
so,

— 172 — 1/2
by: Lf K (E’a) K/Up Vaz V_ VO

A= (36mNVo?)1B3
Where N is the Avogadro number Vo, and V is the

molar volume at zero temperature and at temperature

Where Pa, U and p respectively the adiabatic
compressibility, ultrasonic velocity and density of

nanoparticles in suspended medium. The constant K is .
lled Jacobson’s constant, which depends on T, respectively.
care ’ P Thermodynamically, the value of V.can be calculated

temperature. Jacobson determined the value of K . L . .
using critical temperature from the following relation,

empirically between 0 and 50°C.
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Va=V[1- (1- T/Tc)o3]

Where Tc is the critical temperature.

The free length has been widely used to interpret the
interactions between nano suspensions in the base
fluid. There has been an increasing interest in the
study of interactions between the nanoparticles in the
[1-2].
nanosuspension has been extensively carried out in
the

thermodynamic properties to predict the nature of

suspended medium Ultrasonic study of

different branches of science to measure
interactions of nanosuspension in base fluid [3-4].
Ultrasonic velocity and thermo acoustic parameters as
a function of the concentration in nanoparticle
suspension are useful in gaining insight into the
structure and bonding of associated nano complexes
and other processes in nanosuspension. The materials
of interest in this study are a-Al203and ethyl alcohol
(C2HsOH). Thus ethyl alcohol has an OH group that
might be expected to lead to the formation of a
hydrogen-bonded nano complex with a-ALQOs at the
oxygen site and perhaps electrostatic bonding at the
other sites. These types of nanosuspension are of
interest to organic chemists who want to know about
the type of bond and the number of each kind of

nanoparticles in the a-Al203 nano complex.

In this work, measurements of free length acoustically
and thermodynamically are functions of concentration
and temperatures are reported. The data presented may
stimulate other researchers to consider the interactions
of nanoparticles in nanosuspension. Such data are
valuable in building a core of basic information about
nanosuspension. The method used in the measurement
of ultrasonic velocity at 4 MHz was the interferometric

method over the temperature range 25-40°C.

The main objective of present work is to contribute the
free length of «a-Al:Os nanosuspension properties
database in current literature in order to better

understand the effects of various parameters such as

particle size and temperatures. Free length is highly
dependent on specific surface area of nanoparticle in

nanosuspension.

Il. EXPERIMENTAL AND METHODS

The test liquid samples used were spectroquality. All
these samples are of BDH analar grade and were assume
to be sufficiently pure so that no further purification
was necessary. In this study the ultrasonic
measurements have been made by interferometric
method at fixed frequency 4 MHz over the entire range
of concentrations and in the temperature range 25 —
40°C. The velocity of ultrasound thus measured was
accurate to within 0.01%. The densities were measured
with an Anton Paar DMA 35 N vibrating tube
densimeter with a +0.5 x 10-3g/cm? resolution. The
temperature of nanosuspension medium was controlled
to within 0.2°C. Nanoparticles of alpha alumina (a-
Al2O3) was prepared by sol-gel method [6-11] from
Aluminum isopropoxide [Al (OC3H7)3] and aluminum
nitrate. The average particle size a-Al2O3 has been
estimated by using Debye-Scherrer formula. The
average estimate size of a-Al2O3nano particles is found
to be 20-30 nm Pawar et.al. The prepared a-Al2O3nano

particles were suspended in ethanol.

Ill. RESULTS AND DISCUSSION

The intermolecular forces, which in one way or
the

consist of attractive forces and

another  determine said  properties  of
nanosuspension,
repulsive forces. These forces have opposite directions
but are numerically equal under given external
conditions. The attractive forces are dependent on the
distance between what are called the centres of
attraction of the nanoparticles, whereas the repulsive
forces are dependent on the distance between the
surfaces of the nanoparticles. Centres of attraction do
not coincide with the geometrical centre of the
nanoparticles. The distances between the surfaces have

a clear physical significance, and thus lend themselves
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more easily. Surface tension, viscosity, thermal
expansion and molecular association will be related to
the intermolecular free length. The acoustic wave
which was excited in the nano suspended medium is
momentarily to the intermolecular length. Free length
is long, ultrasonic velocity has a low value. Its value
corresponded to the molecular shape Fig.11 contains
the plot of free length computed acoustically versus
molar concentration. It shows similar trend as that of
adiabatic compressibility and reverse trend as that of
ultrasonic velocity which is in good agreement with

the theoretical requirement.
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Figure.1 Free length versus molar concentration of o-

Al>Os nanosuspension in ethanol

IV. CONCLUSION

1. The free length computed acoustically and
thermodynamically shows considerable deviation
from any linear variation with respect to molar
concentrations.

2. Non linear variation of free length versus molar
concentration is due to Brownian motion of
nanoparticles in nanosuspension.

3. Behavior of nanoparticles in ethanol base fluid
nano suspension dependent on its specific surface
area.

4. Free

nanosuspension highly useful in understanding

length study of nanoparticles in
nature of interactions, internal structure and the

aggregation behavior.

. D.H. Kumar,

V. REFERENCES

H.E. Patel, V.RR. Kumar, T.
Sundararajan, T. Pradeep, S.K. Das, Model for heat

conduction of nanofluids, Physical Review Letters,
2004, 94, 14, 1-3.

. S. Rajagopalan, S. J. Sharma and V. Y. Nanotkar,

Ultrasonic Characterization of Silver

Nanoparticles, of Metastable and

Nanocrystalline Materials 2005, 23 271-274.

Journal

. Gan Z, Ning G, Lin Y, Cong Y, Morphological

control of mesoporous alumina nanostructures via
template-free solvothermal synthesis. Mater Lett
2007, 61, 31, 3758-3761.

. Zhan X, Honkanen M, Leva E Transition alumina

nanoparticles and nanorods from boehmite
nanoflakes. ] Crystal Growth, 2008, 310, 30, 3674—

3679.

. Y. K. Park, E. H. Tadd, M. Zubris, and R.

Tannenbaum, Size controlled synthesis of alumina
nanoparticles from aluminum alkoxides, Materials
Reasearch Bulletin, 2005, 40, 9, 1512.

. D. G. Wang, F. Guo, J. F. Chen, H. Liu, and Z.

Zhag, Preparation of nano aluminium
trihydroxide by  high  gravity reactive
precipitation, Chemical Engineering Journal,

2006, 121, 2-3, 109-114.

. R. Aghababazadeh, A. R. Mirhabibi, ]. Pourasad,

A. Brown, A. Brydson, and N. Ameri Mahabad,
Economical synthesis of Nanocrystalline alumina
using an environmentally low-cost binder, Journal

of Surface Science, 2007, 601,13,2864-2867

. P. Christian and M. Bromfield, Preparation of

small silver, gold and copper nanoparticles which
disperse in both polar and non-polar solvents, J.
Mater. Chem, 2010, 20, 1135 — 1139.

. Rogojan R, Andronescu E, Ghitulica C, Stefan B,

Synthesis and characterization of alumina nano-
powder by sol-gel method. UPB Sci Bull Ser B,
2011, 73, 2, 27, 67-76.

International Journal of Scientific Research in Science and Technology (www.ijsrst.com)



Volume 8 - Issue 1 - Published : g February 10, 2021 — Page No : 603-606

[10].Bhalla V., Kumar R., Tripathi S. and Sing D.,
Mechanical and thermal properties of
praseodymium nanoparticles: an ultrasonic study,
Int. J. Mod. Phys. B, 2013, 27, 1350116.

[11].Pawar N. R., Ph.D thesis Summary on
Investigation of Ultrasonic wave absorption in
some Bio-liquids, ] Pure and Appl Ultrasonic,
2014, 36, 69.

[12].Pawar N. R. and Chimankar O. P., Comparative
Study ultrasonic absorption and relaxation
behavior of polar solute and non-polar solvent,
Pure and Appl Ultrasonic, 2015, 37, 11.

[13].Johari G K & Mishra R L, Acustica, 1984, 56, 66.

International Journal of Scientific Research in Science and Technology (www.ijsrst.com)



B T e e L
" 1 X e Ll

Peer Reviewed Refereed
and UGC Listed Journal
Journal No, 47023

pumeen QAL AXY

MULTIDISCIPLINARY

HALF YEARLY
RESEARCH JOURNAL N I(

MVolume - 1X, Issue-lll
? May - October - 2021

"Enghsh / Marathu_PartK,//_’_'_l
ki jf

Impact Factomfm\'
Indexing

2019 - 6.571
www.sjifacter.com




ISSN 2319 - 8508 .
AN INTERNATIONAL MULTIDISCIPLINARY
| HALF YEARLY RESEARCH JOURNAL

GALAXY LINK

Volume - IX Issue - I May - October - 2021

English / Marathi Part - |

Peer Reviewed Refereed
and UGC Listed Journal
Journal No. 47023

v
s fasma R

IMPACT FACTOR / INDEXING
2019 - 6.571
www.sjifactor.com

+» EDITOR <+
Assit. Prof. Vinay Shankarrao Hatole

M.Sc (Math's), M.B.A. (Mkt), M.B.A {H.R),
M.Drama (Acting), M.Drama (Prod & Dirt), M.Ed.

+¢* PUBLISHED BY <«

b

Ajanta Prakashan
Aurangabad. (M.S.)

selieiadaleu vy cdiiioldlliiiel



VOLUME - IX, ISSUE - IT - MAY - OCTOBER - 2021 i1 :
GALAXY LINK - 18SN 2319 - 8508 - IMPACT FACTOR - 6571 (wwwjActor.com) =]

© CONTENTS OF MARATHI PART -1

AT, rg anfur rEse T
~ 13 WA referaeda FIfFE - 11 A
w, 2. &, &t 79
¥ | weEEd serdeie ool duardie o QUER - T Ui ST
. arge g
1 wd ey fewrr
iRt i e |

Generated by CamScanner



EOLUME - IX,ISSUE - Il - MAY - OCTOBER - 2021
ALAXY LINK - ISSN 2319 - 8508 - IMPACT FACTOR - 6.571 (www.sjifactor.com)

—

R 3. WA rdferaeday &ifas - ¢R ©1 949E

m. . &, . e
qiforea faumT sp@, TSt AERTe A, S

PS—19 PIBT TRAT sefaren a1 g HEwE I8, PfIS—19 DS Fam
SreTel RIS YT PRI SRR WG arGerE el 2awie FRA Sl HE 6 awr
ﬁ.amwwmmmm.mmﬁme
mﬁﬁﬂﬂﬁﬁﬁﬁﬁmﬁﬂamﬂmmmmmmm?ﬁ?mmsmzmm
mw4.smmmawm@mmmwﬁﬁﬁmmmm
Ws.aamﬁaﬁﬁmﬁﬁanﬁ.aﬁﬁmﬁﬂmhmaﬁ apferreETel A "qRael #1335
%W@Wmmmmﬁwwwwmmmﬂﬁmm@m
FTdE AT He e Wmmmwmmmm
giearax afRomT HATel.

SR AR wue (SeggEd) 12@%%%@&@%—1)mmﬁw

qﬁﬁaﬁﬁﬁaﬁﬁ%ﬁﬁ%ﬁﬂmmﬁmmﬂﬁ
Wﬁmwﬁasﬁ.mﬁmﬁaﬁuﬂm‘aéﬁaﬁﬁ
umﬂm.wmﬁﬁmwﬁﬁaﬁm

el M.
aanmqﬂm:mﬁaﬂmm

—mﬁlﬁmm

Iy

- 47023

T3 9T - & / Peer Reviewed Refereed and UGC Listed Journal No.

Generated by CamScanner




E-IX ISSUE - I - MAY - OCTOBER - 2021
\F?QLE::L‘Y LINK - ISSN 2319 - 8508 - IMPACT FACTOR - 6.571 {www.ﬂjifattr}r.cunl)
A"

WW T@ SR 4 Wi YN U@ @RS Y. e AT
mwmmﬁﬂmwﬁ 3T wa= 3o ARwagy a4y Rty wrr s anfor oy
%ﬁmﬂmwmamanﬁﬂﬁwﬁfﬂaﬁ‘iﬂmeeramnﬁrlamhmnhﬁmﬂ
FEG
aﬁﬁa-wﬁmﬁlﬁaﬁﬁﬂmﬁﬁﬂmﬁnanﬁﬁw#ﬂ?m%ﬁmm.
R ATHEATER e TERITE S e, fcftas fbade 20-20 frvaams 3@ ARy
dan) PRIEH & IHAA K SRR IS, Mot sl AR sitrerge R v
T T SR T TR, SR, IR, ATl o e 2uime) i g
e Gu S 3R, € A wR R 7 TR,

mﬁw@mmmmmmﬁmmm
AR FEGAT ST I AN WRATT Ao TG T W SR, TravhaRTen
maﬁmmﬂaﬂwm.m.mmuﬁumm.mﬁmmﬂam
©A F A, WeNSH |, e, aoiR, fremdid anftr weifderad swrd 9T ued ama i
Al Bleralel WA Aell AR, ST SRR aORerel Seares) W Fa e, a1 watar aRem
e JTTER B IR, R weer o fiw WeR Hiced ot @ Srfie ardid st
29 TTD To 24 THB W BN DT WA . D 15 T wda @ As T
TESANIER ARAT SIS et g TR sidry 5—10 arest Sterd (e o.
15-035 TT) I, dEmid PrdwiaEmed 20 e Ve WA UM NG WHAT TR SREETT
m.mmammmwmmmﬁmmmmm
RN T e e gex AR SA R AT T RO amor e, e et ool
ST TN, Wennd dfveen, B aidd, R, SR o g R w e
o R e R AN S A ), e fn weern war s @
ReRf T oy, 3 TR W SR AFRTR G o T e W ar
A ame .

RARTE e sfarmiar aRomw der . TRem: Swir, SN kT e
mm-mmﬁwmwsmmammammﬁﬁﬂﬂm.m
1 S e amany anfor frafry e R S and,

mmmmﬁw#ﬁa&hmmmnﬂwamqﬁmammmm
R

Y/ Peer Reviewed Refereed and UGC Listed Jowrnal No. : 47023 &Y

Generatea By CamScanner




VOLUME - IX, ISSUE - Il - MAY - OCTOBER - 2021
GALAXY LINK - ISSN 2319 - 8508 - IMPACT FACTOR - 6.571 Gewwdlifactoroom) =~

wﬁrﬁmﬁwﬁwﬁwa@mwmwmmwmm' ,:"E”"”{W
R Rt oRUTH s AR o) e Amindar 8 qRurm ST T T

favetor SRvATET AeTE Her o .
Jf anfor @

B ¥ e e BN AT, N G AR T G e el e
ST e SeaTe iy B AT AR a1 A ardiae e aRem FA ST 1w S
NG T TENA B, WAl gy Gl g g dRogr a1 e axaert fl o,
S o R At wlewnia srerardiay srae Py anfer difiRed @ erfaficarg
arer War oRem Bt oG Y sl Bifd dd A, @1 SUHENEEE SEr afr
—19 =1 WG WY AFR a4 wigan sefaadar v ar fel gRemr A8 Sk .
fsrrETes anfor gdes

WS SgE e anfr wienr dnreE ogEh 24 T oNfr 22 TE . amfiem ad
1819 T THE AT afert MR 43 TUwE s A1 Red.  RuEEre onf wdeT ¥ ok
a1 SEAT 9 /11 3T 2008 =@ ARfH Haemen A WST FOR Fedr TWUIR . W I
o BIVANRET & S SUrT R I sarerer qeard W amda, e vt 38 quie A
GLEGEG I G W?ummﬁﬁﬁﬂﬂﬁﬂwqﬁﬁmmmﬁrqmmﬁ
SigaR TSUIR IR, W@wmmﬁ#un@mmmﬁasmmﬁﬂwﬂ
A% I Ffaean afdT onfr feew Gt W Awid wrier & W qaREE o
T R,

Rl

wmmﬁmﬁmwmﬂgwmwwmw
TV 98 #herd. Pdem@ Work from home -

RUE! AW - % { Peer Reviewed Referced and UGC Listed Journa] No.: 47023

&8
Generated by CamScanner



LUME - 1X, ISSUE - I - MAY - OCTOBER - 202]
:}?!LAXY LINK - ISSN 2219 - 8508 - IMPACT FACTOR - 6.571 (www.sfifactor.com)

e

Fife-19 W Wil T Wt SR e urry am meﬂwmmmumﬂqm
Wmmwmﬁ ﬁrﬁhﬁ:mﬁﬁﬁmaﬁmmﬁ%m1mm

Wmmssmmzczoﬁ1mam@mmﬁm%mmﬁ
w@mmm_@mmwwwmmw
ﬁmmm,mgwmmmmmmﬁmw@mwmmm
meﬁwmmwmmmmw.mw
A Haer SO 0T DI ARl HAaRAT g3 B0 e Prdvean 3 A wress sy, wrsarr
3 anfr 4

ARAIG A AT g, gEn wrfas wWewia deia e, waw geay sl Rrren amr g
free wafa Hiol Goll TEE AR, A1 daren amfie AP 22 S AR, 4 g sielfe
TG Bl O, 9 WAl BTermrel (o yHma 9 SufielRan) of st w9
W IRTET AR ARl (9 9 9y dendld 23 Wl amR) W el @1 em e
fomdi o el arelt o), wegell dier guf STl IR IaTee Yo 4 AN 9ed Ied
W, afien W gelRvam . dRToe ReRE BvE Al aefvad) e
.

mﬁs—wmmaﬁwamr@avmmﬁmﬁ%mamﬂm%&?ﬁﬁﬁaﬁ
TR A e qenmEYr BT oS, AFTON ST SR drgeen ARSI GHIET] TSTHIE
T T AR I, ABATETSS B, G FoH RaST FRIS w3 AT A
HIYRN "W Teaiar aaeiq g A1 AR aRIRU AR G Hed SR
Lkt

' Wemes

' TaEm Srifas dawrde

¢ et

' W

oy U
" Y/ Peer Reviewed Refereed and UGC Listed Journal No. : 47023

Generated by CamScanner



Peer Reviewed Refereed and UGC
Listed Journal (Journal No. 47037)

ISSN 2278-8158
- AN INTERNATIONAL
MULTIDISCIPLINARY HALF YEARLY
RESEARCH JOURNAL

I Volume - X, Issue - | |
June - November - 2021
English / Marathi Part -

Impact Factori Indexin

Generated by CamScanner



ISSN 2278-8158
AN INTERNATIONAL MULTIDISCIPLINARY
HALF YEARLY RESEARCH JOURNAL

ROYAL

Volume - X Issue - | June - November - 2021
English / Marathi Part - |

Peer Reviewed Refereed
and UGC Listed Journal
Journal No. 47037

W
IMPACT FACTOR / INDEXING
2019 - 5.756
www.sjifactor.com

+* EDITOR
Assit. Prof. Vinay Shankarrao Hatole

M.Sc (Math's), M.B.A. (Mkt), M.B.A (H.R),
M.Drama (Acting), M.Drama (Prod & Dirt), M.Ed.

*»* PUBLISHED BY ¢

b

@janta Prakashan
Aurangabad. (M.S.)

Generated by CamScanner



VOLUME - X, ISSUE - I - JUNE - NOVEMBER - 2021
ROYAL - ISSN 2278 - 8158 - IMPACT FACTOR - 5.756 (www.sjifactor.com)

< CONTENTS OF ENGLISH PART -1 =
[ Sr.No. Name & Author Name Page No.
1 Bnefits & Oncession to Nok of Kargil Martyrs (OP Vijay) 1-6
Lt. Dr. R. P.Gawande
2 Cloud Computing Security 7-11
Prof. Salunke Ravindra B.
3 Cyber Crimes and Law in India 12-16
Prof.Anarase Lalasaheb P.
4 Role of Artificial Intelligence in Education 17-20
Prof.Ganesh Vishnu Burte
5 The Study of Changes of Contemporary History after Cold War 21-22
Prof. Laxmiparabha Ughade
al Place of Agriculture in National Economy 23-24
Prof. Dr. K. V.Dhawale
7 Analytical Study of the Citizenship Amendment Act 2020 (CAA)in 25-30
Context of Indian Policy towards Refugees/ Asylees and
Article 14, 15, 19 and 21 of the Constitution
Dr. Umesh Shrikrishnarao Aswar
8 Human Rights and Protection of Child, Women and Tribal 31-35
Dr. Yogendra Vasantrao Pawar
9 A Critical Study of Afeecting Factors of Adolescents Self-Concept 36-41
Dr. Yogendra Vasantrao Pawar
10 Synthesis and Structural Study of Al Doped 42-48
Ni,,Cd, Al Fe,,O,Ferrites
S. R.Bhitre
11 Python Programming - Apllication and Future 49-53
Miss. Pragati D. Khade
12 Online Marketing: An Emerging Opportunity in Covid-19 PandemicPeriod | 54-58
Dr. Vidyullata Rahul Hande

Generated by CamScanner




1 - JUNE - NOVEMBER - 2021

VOLUME - X, ISSUE - 3. 8158 - IMPACT FACTOR - 5.756 (www.sjifactor.com)

ROYAL - ISSN 227
6. Place of Agriculture in National Economy

Prof. Dr. K. V. Dhawale
HOD of Commerce Dept. Mungasaji Maharaj Mahavidyalaya, Darwha.

Conclusion

Thus agriculture occupies a position of outstand importance in the Indian economy

having a high emloyment potential; it is important in its contribution to national income as a
source of food and raw metrials, as being vital to international trade, as a yielder of state revenue
and as countributing to social and political stability. But too much dependence on agriculture
makes the Indian economic unstable and unbalance and is a major cause of india’s appalling
poverty.

The importance of Agriculture to India can hardly be exaggerated. It is the very backbone
ot her economic system and is her premier, national, key industry. In fact, the prosperity of
agriculture is synonymous with the properity of India. Also, agriculture is assuming even greater
importance with the passage ot time. Internal demand for food is on the increase as a result of
growing population and rising standard of living. Indian agriculture will have to meet the need
of more raw matenials of a better quality as the economy grows under the Five-Year Plans.
Agriculture is important from several point of view.

As a Source of Liveli Hood

Millions of people in India draw their livehood from agriculture. Some draw their
sustenance fromdirect cultivation, others from the movement of crops and still others from trade
in the agriculture products. About 75% of the people depand for living on agriculture, directly
and indirectly. Whereas in the West and other developed countries, the percentage of the people

dependent on agriculture has been going down and is 10 to 20 %, in India it has remained
remarkably stable,

As a Coutributor to Nationl Income
Out of a total national income the share of agriculture in the national income is bound to

go down as the Indian economy grows, as it has happened in the developed countries of the west,

yet for a long time to come, it seems the pre-dominance of agriculture is likely to continue.
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1 ial Development
As a support for Industrial Develop T S its supports S SiiSeiRge

It goes without saying that industrialisation
aw materia

rchasing power to the rural masses for the

from Indian agriculture. It supplics the industrial r Is like cotton, jute, and sugar cane,
Prosperous agriculture will provide the necessary pu )
absorption of manufactured goods. It will lay the foundation of many agro-industries, e.g., food
processing industries.

Improtance in Trade
Agriculture products constitute the mainstaples of our internal external trade, Indian

agriculture thus determines the volume andcomposition of trade.

As a Foreign Exchange Eraner :- Indian tea, oil seeds, spices, tobacco, etc., find ready
market abroad and eamn for the country valuable foreign exchange which is an important
wherewithal of economic development. Bymeans of it India is able to obtain from abroad plant
and machinery, accessories, industrial raw materials and technical know-how.

Financial Stability :- Agriculture is very foundation of financial stability of the
Government. Agriculture prosperity enables the Finance Ministers to balance the budgets. A
bad year for agriculture is a bad year all round, for it brings down the railway earnings, yield
from land revenue and many other taxes.

Social and Political Importance

Agriculture .has also great social and political si gnificance for the country. Agriculture are
a Sfl.”dy S‘_ﬂf — reliant class a people “fhc are the backbone of the stste, They are the best
so]c-hers.Wuh .t}'xcre fixed out look and attitudes; they exercise 5 great stabilizing influence in the
social and political spheres.
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In this work, we have studied LRS Bianchi type I cosmological models in f(R,T) grav-
ity with tilted observers, where R is the Ricci scalar and T is the trace of the stress
energy tensor. We have explored a tilted model and determined the solutions of the
field equations by assuming special law of variation of Hubble’s parameter, proposed by
Berman (1983) that yields constant deceleration parameter. In this scenario, we have
used the equation of state p = (y—1)p and power law of velocity to describe the different
anisotropic physical models such as Dust Universe, Radiation Universe, Hard Universe
and Zedovich Universe. We have discussed graphical presentation of all parameters of
the derived models with the help of MATLAB. Some physical and geometrical aspects
of the models are also discussed.

Keywords: Tilted models; f(R,T) theory; equation of state.

1. Introduction

Modern astrophysical observations show that the expansion of the Universe is cur-
rently in an accelerated era. The observational data of supernovae type Ia'2 and
cosmic microwave background (CMB) have investigated that our Universe is ex-
panding at an increasing rate. The f(R,T) modified theory of gravity can be used to
investigate some problems of recent interest and may lead to some major variances.
In f(R,T) modified theory of gravity, the result of cosmic acceleration not only
depends on the geometrical contribution but also depends on matter contents. This

§Corresponding author.
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theory is extension of f(R) theory of gravity including trace of energy-momentum
tensor T. f(R,T) modified theory of gravity is investigated by Harko et al.® Dif-
ferent aspects of f(R) modified theory of gravity that are studied by Houndjo
and Houndjo et al.,*> Myrzakulov,® Pacif et al.”® presented irregularity factors in
f(R,T) theory of gravity. Sahoo et al.? calculated anisotropic models in modified
theory of gravity. Tilted model and two fluid models in modified theory of gravity
are discussed by Pawar and Dagwal,'® Dagwal,!' Dagwal et al.'?2 Aygiin et al.'?
examined geometrical and physical properties of f(R,T) gravity. Aktag'4!® stud-
ied higher dimension with dark energy model in f(R,T) theory of gravity. Aktas
et al.*® obtained magnetic field in modified theory of gravity. Pawar and Solanke'”
developed LRS Bianchi type I cosmological Universe in f(R,T) modified theory
of gravity. Dagwal and Pawar'®46 investigated two-fluid sources in f(T') theory
of gravity. Yousuf*" examined the study of electromagnetic field in f(R,T) grav-
ity. Yousuf%! has investigated self-gravitating system in modified theory of gravity.
Some dynamical properties of f(G,T) gravity studied by Yousuf.*?

In the tilted model, the fluid velocity vector is not orthogonal to the group
orbits and also its spatially homogeneous, otherwise the Universe is said to be non-
tilted. Tilted cosmological models have been explored by King and Ellis!?; Ellis and
King.2? Pawar and Dagwal?!; Pawar et al.2223 presented tilted models for different
gravitational theories. Dagwal and Pawar242> discussed the properties of tilted two
fluids models with G and A in General Relativity and tilted dark energy. Tilted
models in Brans Dicke theory of gravitation are obtained by Pawar et al.26 Tilted
Universe in tensor theory of gravitation is obtained by Sahu.2” Tilted plane sym-
metric space-time is expressed by Sharif and Tahir.2® Sharif and Majid?? discussed
the physical properties of tilted model in electromagnetic field. Nilsson et al.3® ex-
amined co-moving models radiation fluid. In tilted model the properties of thermo-
dynamics and hydrodynamics have formulated by Herrera et al.3! Yousaf et al.32:33
presented tilted model in modified theory of gravity. Dagwal and Pawar3* investi-
gated tilted congruence Universe. Yousuf4? discussed the hydrodynamics properties
of non-comoving model.

The observational data show that our current Universe is accelerating and ex-
panding. By Einstein general theory of relativity, an accelerated expansion of the
Universe is due to negative pressure called dark energy and positive energy den-
sity and therefore has a negative equation of state parameter. The quantity w(t)
from expressional data have presented by Sahni and Starobinsky,3® Sahni et al.3°
have calculated the experimental data conducted to determine this parameter as a
function of cosmological time. Dark energy has been conventionally characterized
by EoS parameter mentioned. The simplest candidate of Dark energy is the vac-
uum energy (w = —1), which is mathematically corresponding to the cosmological
constant A. Yousuf#4:4°
era and studied the effect of cosmological constant. Ratra and Peebles,3” Caldwell
138 and Feng et al.3 discussed EoS parameter, defined by minimally coupled

presented spherically symmetric geometry in A-dominated

et a
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scalar fields, are quintessence (w > —1), phantom energy (w < —1) and the combi-
nation of quintessence and phantom.

By the motivation of the above work, here we have investigated LRS Bianchi
type I cosmological models in f(R,T) gravity with tilted observers. We have ex-
plored a tilted model and determined the solutions of the field equations by assum-
ing special law of variation of Hubble’s parameter, proposed by Berman (1983) that
yields constant deceleration parameter. In this scenario, we have used the equation
of state p = (7 — 1)p and power law of velocity to describe the different anisotropic
physical models such as Dust Universe, Radiation Universe, Hard Universe and Ze-
dovich Universe. We have discussed graphical presentation of all parameters of the
derived models with the help of MATLAB. Some physical and geometrical aspects
of the models are also discussed.

This paper is organized as follows. Section 2 deals with metric and field equa-
tions. Section 3 deals with some physical and geometrical properties. Section 4 deals
with the types of Universe by using equation of state. Section 5 deals with results
and discussion and concludes in Sec. 6.

2. Metric and Field Equations

We consider the metric in the form

dt \?
ds* = dt* — R? {dx2+dy2—|— (1+ﬂ/ﬁ) sz}, (1)

where R is functions of ¢ alone.
The field equation in f(R,T) theory of gravity for the function is given by

f(R,T)=R+2f(T), (2)
as
1
Rij = 5Rgij = Tij + 2Ty + 20/ (1) + f(T)]gis, (3)
The energy—momentum tensor as
Tij = (p + p)uinj — pgij + qiuj + qju; (4)
with
g7 uiu; =1, (5)

where ¢; is the heat conduction vector orthogonal to u;, p is the energy density,
p is the pressure. The fluid vector u; has the components (Rsinhc, 0, 0, cosh a)
satisfying Eq. (5) and « is the tilt angle.

The prime denotes differentiation with respect to the argument.
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We choose the function f(7') as the trace of the stress energy tensor of the
matter so that

f(T) = AT, (7)
where A is constant.
The field equations are
R? R inh
ey 2 = (1420 | (p+ p)sinh®a + p+ 20 | = (= PN (8)
R R R
R? Ryq
ot )p— (p—
m T2 =0+20p—(p—p)A, 9)
R? 28R,
S ey
R* R (148 [ 5)
inh
= —(1+2)) |(p+p)cosh’ a—p+ 20— | —(p=p)A  (10)
) sinh? o
(1+2)\)|(p+ p)Rsinhacosha + g cosha + ¢ =0. (11)
cosh a

Here, the index 4 after a field variable denotes the difference with resp. to cosmic
time.
We take equation of state (Eos), which gives

p=(n—-1)p, 1<y<2 (12)

We have calculated the above set of nonlinear equation with the assistance of spe-
cial law of variation of Hubble’s parameter, presented by Berman (1983) that yields
constant deceleration parameter model of Universe. We assumed only constant de-
celeration parameter model defined as

0= 2], (13)

U:[RB(Hﬁ/%)r (14)

is the overall scalar factor.
The solution of (13) is given by

where

v=(Kt+ L) (15)

where K and L are integration constants.

2050316-4
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From Eqgs. (14) and (15), we get

[R?’ <1+ﬂ/ ﬂ (Kt+L)Ta. (16)

Solving above equation we get

R = (Kt+ L) A ew(l;g()ﬂ (Kt+L) == ' (17)

Metric (1) reduces to the following form:

2[ B(1+q)

q—2
ds? = di? — (Kt + L) 2lsre gl KD (g02 4 g2y

9—2
— (Kt + L)t e A[RE55 (Kt L) 15 g 2 as)

where K = 1.

3. Some Physical and Geometrical Properties

Solving Egs. (9), (12) and (16), we get

- 1 3 B
PTG - ) - A { L+ (Ki+ L7 3(Kt+ L)TH
- 2 B 4B
I+ q)(Kt+L)* 314 q)(Kt+ L)+ } (%)

From Egs. (12) and (19), we get

b (v-1 3 N B
[(A+3N( =) =N | 1+ @KL+ L)* 3Kt + L)
~ 2 ~ A8
(1+q)(Kt+ L)? 3(1+q)(Kt+L)i‘iZ}' 20)

The tilt angle «, heat conduction vectors ¢; and flow vectors u;for the Universe (18)
are

3 N B2 2 3
Lo T PE T D? | s pyrs AT KL+ L7
(142X . 15
cosha = 3(1+q)(Kt+L)ﬁ7q +l
B 1 2
s(Kt+ )T A+ a(Kt+ L)
(21)

2050316-5
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3 B2 1 2
A+ a?(Ke+L7? 3(Kt + L)+ (1+q)(Kt+ L)2
2(1 4 2M\)y ) 48 + B 52
COFORCEL? 0 ke ) 3(Kt+ L)Tia

sinha = )
B2

2 6
3(Kt+ L)TH —

1
1+ q)(Kt+ L)?

(22)
g—3
up = (Kt+L)ﬁqeai<((l%qg>(Kt+L)Hq sinh «, (23)
u4 = cosh a, (24)
q—2
_ o Ry (Kt L) sinh o cosh? o
T TN — ) = AT+ 2N
2 25°
y p (25)

I+ oKt + L) 3(Kt+ L)

The scalar expansion, shear scalar, Hubble parameter and spatial volume are,
respectively, given by

18

) -

o? = %a (27)
3(Kt+ L)t+a

7 S N— (28)

(1+q)(Kt+L)’
V = (Kt+L)Ta. (29)

The Hubble parameter, scalar expansion, shear scalar and spatial volume are
presented by 2D and 3D graph in Fig. 1. The shear scalar raises monotonous in
the context of the cosmic time and the Hubble parameter and scalar expansion
parameters are vanishing as t — oco. In 3D graph, Fig. 1 specifies that the shear
scalar is higher than Hubble parameter and scalar expansion.

The density parameter is given by

(14 9*Kt+L)? 3 N B2
T 0S[LH+ BN = 1) =N | U+ aPEEHLP T 3K+ 1)

_ 2 _ 4p
I+ a)(Kt+ L) 3(1 4 q)(Kt + L)+ } 30
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12
=10
<) T T T T T T T T T
x =Hubble parameter
= scalar of expansion
25| —< =shear scalar i
=spatial volume

shear Scalar:

Hubble parameter

Hubble parameter, scalar of expansion,
shear scalar and spatial volume
o
:
!

0| Spatial Volume T 8
® . o o ¢ % L T N L L
o 1 2 3 4 5 6 7 8 9 10

Cosmic Time

=Hubble parameter

T - scalar of expansion

. =shear scalar

[ =spatial volume

Fig. 1. Variation of Hubble parameter, scalar of expansion, shear scalar and spatial volume vs.
cosmic time for g = —0.33, A=04, B=9, 3 =0.5.

4. Types of Universe by using Equation of State

(a) Dust Universe: When v =1

The pressure and energy density for the model are, respectively, given by

_1 2 19
PTNTFOE DY T 511 gkt + D)
3 B2
— — 31
O+ P (Ki+ P a(Kit 1) (3D
p=0. (32)

The energy density and pressure are as shown in Fig. 2. The energy density rises
monotonically in the context of the cosmic time and the pressure is vanishing as
t — o0.
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o 108 Dust universe

—<&—— =Energy Density
— & = Pressure

Pressure and Energy Density

Cosmic Time

Fig. 2.
v=1.

Variation of energy density, pressure for ¢ = —0.33, A = —10, B = —10, 8 =0.2, A = —4,

The tilt angle «, heat conduction vectors ¢; and flow vectors u; for the Dust

Universe are given by

N

3 B2 2
+ —
(1+9)2 (Kt+L)2 S(KHL)ﬁ (1+a)(Kt+L)2
(142))
_ 45
T 1
cosha = 3(1+a)(Kt+L) + 3 ,
82 — - 1 -
s(keiny o OFOKHD)
3 . B 1
1+ @)2(Kt+ L)? 3(Kt+L)ﬁ (14 q)(Kt+ L)?
2(1+ 2)) ) 48 + 32
— — T s
(1+q)(Kt+ L)? 3(1+q)(Kt+L)% 3(Kt+ L)THa
sinha = >
2 A - !
s(kt+ryTea (AT QKL+ L)?
B(1+4q) + .
u = (Kt 4 L) e w5 D inn,
u4 = cosha,
5(1+q) 52
esre-a KL Gt o cosh? a 232 2
q = 6
AL +2X) 3(Kt+ L) (1+q)(Kt+L)?
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The scalar expansion, shear scalar, Hubble parameter and spatial volume are,
respectively, given by

18

= o) (38)
P (39)
3(Kt+ L)
G — (40)
- (L+o(Kt+ L)
V = (Kt+L)Ta. (41)
The density parameters
Q— —(1+¢)*(Kt+L)? 3 N 32
a 108X (L+q?(Kt+L)?  3(Kt+ L)t
_ 2 2 _ 4ﬁ 4+q . (42)
(L +q)(Kt+L)? 31+ q)(Kt+ L)t

The density parameters, as shown in Fig. 3, rises monotonically in the context
of the cosmic time for positive value of A\. The pressure and energy density are
relatively short in terms of cosmic time for negative value of .

x10" Dust universe

Density Parameter
o

4+
6 ! | ) | | | | |
1 2 3 4 5 6 7 8 9 10
Cosmic Time
Fig. 3. Variation of density parameters vs. cosmic time for ¢ = —0.33, A = —10, B = —10,

B=02, A=4, A= —4r,v=1.
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—<¢—— =Energy Density
—@— = Pressure

Energy Density

Pressure

Fig. 4. Variation of energy density, pressure for ¢ = —0.33, A = —10, B = —10, 8 = 0.2, A = —4,
4
=3

(b) Radiation Universe: When v = %

The energy density and pressure are, respectively, given by

p=3 i + ik
(1+q*(Kt+L)*  3(Kt+ L)t

~ 2 B 48
A+ q)(Kt+L)* 31+ q)(Kt+ L)+ } .

B 3 N B2
PO PR D T 3K D)
- 2 3 43
A+ Et+L)* 314 q)(Kt+ L)i+ } (44)

The energy density, pressure presented in Fig. 4, increases monotonically with
respect to time.

The tilt angle a, heat conduction vectors ¢; and flow vectors u; for the Radiation
Universe are, respectively, given by

=

12 4 432 3 8
A+ (Kt+L)* gy s A+ oKL+ L)?
168

(142X

4+4gq
3(1+ q) (Kt + L) T+a
s _ 3
(Kt-l—L)ﬁ (14 aq)(Kt + L)2

cosha =

(45)

+
N =

2050316-10



Mod. Phys. Lett. A Downloaded from www.worldscientific.com
by UNIVERSITY OF NEW ENGLAND on 11/04/20. Re-use and distribution is strictly not permitted, except for Open Access articles.

Study of cosmic models in f(R,T) gravity with tilted observers

1
3 N B2 1 2
A+ (Kt +L)* gy )THa (1+q)(Kt+ L)?
8(1 42X 3
(14+2X)) 5 48 + B 82
_ — pen 6
. UHDEEH L 5 4 e+ 1) T (Kt + L)THa
sinh a = s
8 1
6 6 2

(46)
g2
up = (Kt+L)ﬁqeai<((l%qg>(Kt+L)Hq sinh «, (47)
u4 = cosh a, (48)
9=2
— et EHHL T Ginh o cosh?
@ = (1+2X)

2 2

y b (49)

(I+q)(Kt+L)* 3(Kt+ L)t
The scalar expansion, shear scalar, Hubble parameter and spatial volume are,
respectively, given by

18
0= —— —— 50
(1+q)(Kt+L) (50)
2
=2 (51)
3(Kt+ L)+
6
H= ———— 52
(1+q)(Kt+L) (52)
V = (Kt+L)Ta. (53)
The density parameter is given by
oo 0+ q)?(Kt+ L) 3 N B2
36 (1+q*(Kt+L)*  3(Kt+ L)
2 4
- 2 i itq (- (54)
I+ (Kt +L)* 3014 q)(Kt+L)i+a

(c) Hard Universe: When [y € (5,2)], let v = 2

The energy density and pressure are, respectively, given by

__ 3 3 n B?
P= (2430 | (14 ¢)*(Kt+ L)? 3(Kt+L)1iq

B 2 B 48
(1+q)(Kt+ L)? 3u+@uﬁ+LﬁH}7 )
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(0} 2
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Fig. 5. Variation of energy density, pressure for ¢ = —0.33, A = —10, B = —10, 8 =0.2, A = 4,
v=3.
ﬂ?
_6
3(Kt+ L)T+a

2 3
b= (2+3)\){(1+q)2(Kt+L)2 N

2 43 (56)
I+ ) (Kt+L)* 3014 q)(Kt+L)T |
The energy density, pressure presented in Fig. 5, rises monotonically in the
context of the cosmic time for positive value of A\. The pressure and energy density
are relatively short in terms of cosmic time negative value of \.
The tilt angle «, heat conduction vectors ¢; and flow vectors u; for Hard Universe
are, respectively, given as
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q—2
up = (Kt + L)ﬁe%u{”m”q sinh a, (59)
u4 = cosh a, (60)
B(1+q) =2 2
_ e3KC-9) (Kt 4 L)1¥7 sinh a cosh” «
@ (2+ 77X\ +6A2)
2 2432

X

C+ K+ 1) 3(kt 4 L) | (61

The scalar expansion, shear scalar, Hubble parameter and spatial volume are,
respectively, given by

18

e E) ”

2= (63)
3(Kt+ L)™s

7 S N— (64)

(1 +q)(Kt+1L)
V = (Kt+ L)oo, (65)

The density parameter is given by

g 1+ q)?(Kt+ L)? 3 N B2
o 36(2+3)) (1+q?2(Kt+L)*> " 3(Kt+ L)Ta

B 2 B 48
(1+¢q)(Kt+ L) 3(1+q)(Kt+L>m}' o

(d) Zeldovich Universe: When v = 2

The pressure and energy density are given by

o 3 LB
PP A O+ (K D2 3(Ke 1 L)

- 2 3 45
(1+q)(Kt+ L) 3(1+q)(Kt+L)%}. .

The energy density, pressure presented in Fig. 6, rises monotonically in the
context of the cosmic time for positive value of A\. The pressure and energy density
are relatively short in terms of cosmic time for negative value of A.
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Variation energy density, pressure for ¢ = —0.33, A = —10, B = —10, 8 = 0.2, A = 4,

The tilt angle a, flow vectors u; and heat conduction vectors g; for Zeldovich

Universe are, respectively, given by
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The scalar expansion, shear scalar, Hubble parameter and spatial volume are,
respectively, given by

18

SEETECE "

2o —, (74)
3(Kt+ L)T+a

He— 0 (75)

(1+q)(Kt+L)
V= (Kt+ L), (76)
The density parameter is given by

(1+q)*(Kt+ L)? 3 N 52
108(1 + 2X) (1+¢)?(Kt+ L)? 3(Kt_|_L)1%q

Q:

- 2 3 45
L+ q)(Kt+L)*  3(14 q)(Kt+ L)+ } o

The density parameters for all Universes are presented in Fig. 7. Dust Uni-
verse rises monotonically in the context of the cosmic time; Radiation Universe
is vanishing as t — oo whereas Hard Universe and Zeldovich Universe decrease
monotonically with respect time.

x10'! Density Parameter for all Universe
By T T T

Dust univers

25 Radiation Universe

Hard Universe:

Density Parameter
T

= Dustunivers Zeldovich Universe: \

——=Radiation Universe \
—=Hard Universe
&l ——=Zeldovich Universe

m I I I I I
1 2 3 4 5 6 7 8 9 10

Cosmic Time

Fig. 7. Variation of density parameters vs. cosmic time for ¢ = —0.33, A = —10, B = —10,
B=02 A= —4,~v=1.

The tilt angle for all Universe is presented in Fig. 8. From the Table 1 it is
observed that the value of tilt angle is low in Dust Universe and high in Zeldovich
Universe.
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Fig. 8. Variation of tilt angle vs. cosmic time for ¢ = —0.33, A = 10, B =10, 8 = 0.2, A = 4,
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Table 1. Tilt angle vs. cosmic time for ¢ = —0.33, A = 10, B = 10,

B=02 A=4.
Equation of State
Type of Universes p=(nr—-1)p, 1<y<2 Tilt angle
Dust y=1—=p=0 4.7488
.. 4 p
Radiation ¥ = 3 —p= 3 6.2484
2
Hard N 7.7480
3 3
Zeldovich Yy=2—=p=p 9.2484

5. Result and Discussion

Dust Universe: For this model, the energy density and pressure are as shown in
Fig. 2. The energy density rises monotonically in the context of the cosmic time
and the pressure is vanishing as ¢ — oo.

The density parameters, as shown in Fig. 3, rise monotonically in the context
of the cosmic time for positive value of A. The pressure and energy density are
relatively short in terms of cosmic time for negative value of .

Radiation Universe: For this model, the energy density and pressure presented in
Fig. 4 increase monotonically with respect to time.

Hard Universe: For this model, the energy density and pressure presented in Fig. 5
rise monotonically in the context of the cosmic time for positive value of A. The
pressure and energy density are relatively short in terms of cosmic time negative
value of A.
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Zeldovich Universe: For this model, the energy density and pressure presented in
Fig. 6 rise monotonically in the context of the cosmic time for positive value of A.
The pressure and energy density are relatively short in terms of cosmic time for
negative value of .

6. Conclusion

We have presented the tilted cosmological model by using equation of state param-
eter in f(R,T) theory of gravity. We have concluded new idea of f(R,T) theory
of gravity by using tilted model. We have investigated different types of Universe
with equation of state p = (v — 1)p. We have discussed graphical presentation of
all parameters with the help of MATLAB. In Zeldovich Universe, the value of tilt
angle is higher than the other Universe. Model is accelerating in Dust Universe,
Radiation Universe and Hard Universe, Zeldovich Universe at A = —4 and A = 4.
This is a better result of tilted model in f(R,T) theory of gravity than general
theory of relativity for this spacetime. The value of tilt angle is constant in General
theory of relativity whereas the value of tilt angle is non-constant in f(R,T') theory
of gravity. So, we conclude that there is no singularity of tilted Universe for this
space time in f(R,T) theory of gravity.
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